A SHORT PATH JOINING TWO ZEROS INSIDE A POLYNOMIAL
LEMNISCATE

ABSTRACT. Let

n
f@) =11G-2)

j=1
be a monic polynomial whose zeros are listed with multiplicity and satisfy |z;| < 1
for all j. Assuming the known Erdés—Herzog—Piranian component lemma that some
connected component of

Ap={2€C:|f(2)| <1}

contains at least two zeros of f, we prove that there exist two roots of f which can
be joined by a rectifiable curve of Euclidean length < 2 contained in Ay. The proof
combines a sharp integral estimate on each component of a polynomial lemniscate, an
explicit two-parameter perturbation that makes the critical-level structure above a
fixed base level Morse and excellent on a fixed collar, and a spanning-tree construction
in the resulting Reeb decomposition.

1. INTRODUCTION

Let

n

fE=1I=-2), |ul<1 A<ji<n)

j=1
where the zeros are listed with multiplicity. We consider the filled unit lemniscate

Ap={2€C:|f(2)| <1}
The question addressed here is the following.

Must there always exist a rectifiable curve of Euclidean length less than 2, contained in
Ay, whose endpoints are two roots of f7

Our main result answers this in the affirmative.

Theorem 1. Let

—.

f(z) =

(z-z),  lul<l (1<j<n),
1

J

where the zeros are listed with multiplicity. Then there exist indices i,j € {1,...,n}
and a rectifiable curve v C Ay joining z; to z; such that

len(y) < 2.

In particular, if f is squarefree and n > 2, then the endpoints may be chosen to be
distinct zeros of f.

Remark 2. If f has a multiple zero, the conclusion is immediate: two coincident roots
may be joined by the constant curve. Thus the only nontrivial case is when f is

squarefree and n > 2. In the proof below we therefore reduce immediately to that case.
1
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The main geometric input we use is the following component lemma.

Component lemma. Some connected component of Ay contains at least two zeros of

f.

This is known due to work of Erdés, Herzog, and Piranian; see [2] and the later references
listed below. In addition, we use standard results from planar potential theory, planar
topology, and Morse theory: Carleman’s inequality, Pdlya’s inequality, the Jordan—
Schoenflies theorem, and the local Morse normal form for a nondegenerate saddle. The
proof of Theorem 1 has three parts.

(1) For any component U C Ay containing m zeros of f, we prove the sharp integral

estimate
O gy <o
J Ty 4@ <2

(2) Above a fixed base level we construct, under a genericity hypothesis on the critical
points, a finite tree spanning the relevant roots, with total length controlled by
the tail integral of the level lengths.

(3) A small explicit perturbation of the form f +— f+ Az+ 8 makes the critical-point
configuration generic on a fixed collar, while preserving the relevant component
and a fixed positive slack below the threshold 2.

2. AN ANALYTIC ESTIMATE ON A COMPONENT

Let U be a connected component of Ay, and suppose that U contains exactly m > 1
zeros of f, counted with multiplicity. Set

u:=—log|f| onU.
Then v > 0 on U, u =0 on U, and u(z) — 400 at the zeros of f in U. For t > 0 define
Ky :={z€U:u(z) >t} A(t) := Area(Ky).

For regular ¢ write
P(t) :=H'({z € U :u(z) =t}).

We also set

O [ o
10) = [ 5y Ae) /U]v | dA.

Lemma 3. Let p be a nonconstant polynomial and let r > 0. Then the level set
{zeC:p(2)| =1}

has planar Lebesgue measure zero. Consequently, if E is a connected component of
{zeC:lp(z)| <r},

then OE C {|p| =r} and
Area(FE) = Area(F).
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Proof. Set

S = {2 €C:[p(x)| =, p(2) £0}.
The function F(z) := [p(2)|> — r? is real-analytic on C, and on S its gradient is nonzero
because, after identifying C with R?,

VF(z) =2p(2)p'(2).

Therefore the implicit function theorem shows that S is a one-dimensional real-analytic
submanifold of C, hence it has planar measure zero. The complement

{lpl=r}\S

is contained in the finite set {p’ = 0}, because r > 0 excludes the zeros of p. Thus
{|p| = r} has planar measure zero.
If F is a connected component of {|p| < r}, then OF C {|p| = r}. Hence

Area(E \ E) =0,
so Area(E) = Area(FE). O

Auxiliary lemma (flux across a regular superlevel component). Let s > 0 be a
regular value of u = —log|f]|, and let G be a connected component of

{z€U:u(z)> s}
Suppose that the zeros of f in G are aq,...,a,, with multiplicities mq, ..., m,, and set
M::m1+..._|_mr_

Then
/ |Vu|ds =27 M.
e

Proof. Because s is a regular value, 0G C {u = s} is a smooth compact 1-manifold. For
p > 0 small enough, let

GP = G\ U D<aj7p)‘
j=1
Since w is harmonic on G, Green’s identity gives

8Vd:/8l,d / d,uds,
uds 8Gus+jz:18D( U das

ajvp)

o:/G AudA =

oG,

where v denotes the outward unit normal of G,.
On 0G, the function u decreases in the outward direction, so

dyu = —|Vul.
Near a; one has
u(z) = —mjlog|z — a;| + h;(2),

where h; is harmonic. Therefore, on 9D(a;, p),

Byu = ”;f +O(1),
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because the outward normal of G, on the inner boundary points toward the center a;.
Hence

/ Oyuds — 2mm; (pd0).
0D(aj,p)
Letting p | 0 yields

— Vul|d 2 =0
/6G| u| ds + WZ?TL] ;

j=1
which is exactly the stated identity. 0]
Proposition 4. With the notation above,

I(U) < 2mm.
Proof. Let aq,...,a, be the distinct zeros of f in U, with multiplicities myq, ..., m,, so

that
my -+ +m, =m.
We first justify the coarea identities by truncation away from the singularities of
u=—log|f]
Fix regular values 0 < € < t, and set
U.:={z€U:u(z) > e}, Qo =U\Ky={e<u<t}

Since every zero of f in U lies in K, the function v is harmonic on a neighborhood of
Q. ;. Consider
u(z) —e

Vet(2) = min{
Then v,y =0 on OU,, v.; =1 on K3, and

Vu
—€

, 1} (z € U.).

VUE’t = : on Q&t.

Thus v.; € Hy(U.), satisfies v.; = 1 a.e. on K;, and is therefore admissible in the
standard H!-formulation of condenser capacity. By the usual density equivalence between
the C° and H} admissible classes, this is enough for the capacity computation below.

We now justify directly that v.; minimizes the Dirichlet energy among admissible
Hj-competitors. Let w € H}(U.) satisfy w > 1 a.e. on K;. Composing with the
1-Lipschitz clipping map

#(s) := min{1, max{s,0}}

does not increase the Dirichlet energy, so after replacing w by ¢ o w if necessary, we may
assume 0 < w < 1 a.e. on U,. Since also w > 1 a.e. on K, it follows that w =1 a.e. on
K;.

Because € and t are regular values of u, the boundaries 0U, = {u = ¢} and 0K; =
{u =t} are smooth, and hence Q. ; = U, \ K; is a Lipschitz domain with

00, = OU. U OK,.

The trace of w on AU, is 0, since w € H}(U.). Moreover, because w = 1 a.e. on the
interior side K; and 0K, is smooth, the trace of w|qg., on 0K is 1. The same boundary
traces hold for v.,: it has trace 0 on OU. and trace 1 on 0K,. Therefore

Ni=w— Vet € H&(Qat).
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Since u is harmonic on a neighborhood of €2.,, so is v.;. Hence, using n as a test
function in the weak formulation,

/ V., - VndA = 0.
Qa,t
Expanding Vw = Vu.; + V1, we get
/ Vw2 dA = / Vo, 2 dA +/ V2 dA > / Vo ,[2 dA.
Qa,t Qs,t Qs,t Qa,t
Since v.; = 1 on Ky, one has Vv,; = 0 a.e. on K}, and therefore

/|Vv57t|2dA:/ Vo2 dA.
Ug Qs,t
Also,
/|Vw|2dA2/ V|’ dA.
Ug Qs,t

Therefore v.; minimizes the Dirichlet energy among admissible H}-competitors, so it is
the capacitary potential of (K, U.). With the normalization

1
cap(E, B) = Einf/ Vo2 dA,
where the infimum is taken over all v € Hj(B) with trace v > 1 on E, we obtain

1 1
Cap(Kt, U5> = E/Q |V/U€7t|2dA = 47‘(‘(t—g)2/; |VU’2 dA

<u<t

Applying the coarea formula on the smooth region (2. ;, we obtain

t
/ Vul?dA = / (/ |Vu|da> ds.
e<u<t € u=s

For each regular s € (g, t), the level set {u = s} is the disjoint union of the boundaries
of the connected components of {u > s}. Applying the auxiliary flux lemma above to
each such component and summing over all components shows that

/ |Vu|do = 2mm,
because the total multiplicity of the zeros of f in U is m. Hence
t
/ \Vu\sz:/ 2rmds = 2mm(t — €).
e<u<t €
Therefore
m
2(t —¢)
As e | 0, the domains U, increase to U. We claim that

cap(Ky, Uz) =

Capcond<Kt7 U) = hﬁ)l Capcond(Kta UE)

Indeed, for each € > 0, every admissible function for (K3, U.) is also admissible for
(K, U), hence
Capcond(Ktv U) < Capcond(Kt7 UE)
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Conversely, let v € C°(U) satisfy v > 1 on K;. Since suppv is compact in U, there
exists g > 0 such that suppv C U, for all 0 < € < g¢. Thus, for all such ¢,

1
CaPogna (K1, U2) < 1 /(C Vo2 dA.

Taking lim sup as € | 0 and then the infimum over all such v gives the reverse inequality.
Therefore

(5) Capcond(Kt7 U) =

For bounded open sets G C C we write

m
2t

Caplog<G) = Caplog(é)‘
We also record explicitly the normalization used here: for the round condenser

(D(0,R),D(0,r))  (0<r<R),
—_ 1
D(0,r),D(0,R)) = ———.
(PO D0M) < b
Accordingly, Carleman’s inequality in the present normalization reads

capeona(F, B) < log ﬁizggi (E € B),
and Pélya’s inequality reads
Area(K) < m capy,,(K)? (K C C compact).
Applying Carleman’s inequality to the condenser (U, K;) and using (5), we obtain
Area(U 2t
log A(t()) > m’
that is,
(6) A(t) < Area(U)e /™,
It remains to bound Area(U). Since f is monic, the filled lemniscate
{zeC:|f(x)l <1}
has logarithmic capacity 1. Hence, by monotonicity of logarithmic capacity,
caprog () < 1.
By Lemma 3, OU C {|f| = 1} has planar measure zero, so
Area(U) = Area(U).
Applying Pélya’s inequality to U yields
(7) Area(U) = Area(U) < 7 cap,(U)* < .
Combining (6) and (7), we get
At) < me™2/m,

For every regular R > 0, the coarea formula on U N{u < R} gives

R
/ |Vu|dA:/ P(t) dt.
Un{u<R} 0
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Since U N{u < R} 1 U as R — 0o, monotone convergence yields

(1) I(U) = / Vu|dA = / P(t) dt.
U 0
We now record explicitly the regularity of the distribution function
A(t) = Area(K,).

Since u has only finitely many critical values and is smooth away from the zeros of f,
the function A is absolutely continuous on every compact interval of (0, c0). Moreover,
for almost every regular value t > 0,

, 1

Indeed, if [a,b] contains no critical values of u, then the coarea formula applied on
{a < u < b} gives

Ala) — A(b) = /{ oy 1A= / ’ ( /u . IVlul ds) dt.

Since there are only finitely many critical values, this yields the asserted absolute
continuity and derivative formula for almost every ¢ > 0.
For almost every regular ¢t > 0, Cauchy—Schwarz and the flux identity give

P(1)? = (/Mms)g < (/t |Vu|ds) (/ut |V1u| d5> — 2m (—A'(1)).
Hence

8) P(t) < J2mm (—A(1)).

Using the elementary inequality

2%@§§+M
with @ = 27rm, y = —A'(t), and A = me?’™, we obtain
P(t) < me~t/m 4 %et/m(—A’(t)).
Integrating and using (1),
U) <n / Tetm gt > /O T m—A(L)) dt.

0

The first integral equals 7m. For the second, the bound A(t) < me 2™ implies

et/mA(t) < me7t™ — 0 as t — oo, so integration by parts gives
o) 1 oo
/ e A(t)) dt = A(0) + — / e/m A(t) dt.

0 m Jo
Using (7) and (6),
1 00 00
A(0) <, —/eW%@mgz/ e~tmdt = .
m Jo m Jo
Therefore

/ T~ Al () dt < 2,

0
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and hence m
I(U) <mm+ 5(27r) = 27m.

0

Corollary 5. Let h be a monic polynomial, let ¢ > 0, and let v := —log|h|. Let W be
a connected component of {v > c}. If W contains exactly M zeros of h, counted with
multiplicity, then

/ Vo dA < 27 M.
W
Equivalently,
1 00
— Pyt)dt <M
2m /c w(t)dt < M,
where Py (t) = H'({z € W : v(2) = t}) for reqular t > c.
Proof. Set

h = e°h, 7:=—log|h| =v —c.
Then W is a connected component of
{o>0} = {|n] <13,

and W contains exactly M zeros of h.

The proof of Proposition 4 applies verbatim to h on W. The only place where
monicity was used there was the bound Area(W) < 7, obtained via Pélya’s inequality.
Here the leading coefficient of & is €€, so the filled lemniscate {|h| < 1} has logarithmic
capacity e~/ 98" < 1. Since W C {|h| < 1}, monotonicity gives

cappog (W) = capiog (W) < 1.
By Lemma 3, the boundary W C {|h| = 1} has planar measure zero, so
Area(W) = Area(W).
Applying Pélya’s inequality to W yields
Area(W) = Area(W) < 7 cap,(W)* < .

Therefore the same argument gives
/ V3| dA < 27 M.
W
Since Vv = Vv, this is the desired estimate. 0

3. THE FIRST CRITICAL VALUE AND THE LOW SUPERLEVEL SETS

Throughout the rest of the paper, f is assumed squarefree on the component under
consideration. Let U C Ay be a connected component containing exactly m > 2 zeros
of f, and write again

u=—log|f| onU.

Lemma 6. The function u has at least one critical point in U. Consequently the set of
positive critical values of u is nonempty, and it has a smallest element. Denote that
smallest positive critical value by A, .
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Proof. Choose pairwise disjoint closed disks F, ..., E,, € U centered at the zeros of f.
Since the superlevel sets of u shrink to the zeros of f as the level tends to +o0o, there
exists T' > 0 such that

m

Kr:={u>T}c | int(E}).

j=1
In particular u < T" on U, 0F;, and Kr has at least m connected components, one
contained in each Ej.

Assume for contradiction that « has no critical point in {0 < u < T'}. Consider the

vector field
Vu

[P
on {0 < u < T}; it satisfies Xu = 1. Let z € U \ Kr, and write s := u(z) € (0,T). Set
M,:=Un{et <|f| < 6’8/2}.

The set M, is compact. It is bounded because My C Ay and Ay is bounded. To see that
it is closed in C, let 2, € M, with 2z — 2. Then continuity of f gives

e T <I|f(z)| <e*? < 1.

Hence z € Ay. Since U is a connected component of the open set Ay, it is relatively
closed in Ay; because z is also a limit point of U, we obtain z € U. Thus z € M,. Also
M, C {s/2 < u < T}, so X is smooth on a neighborhood of M. Let ¢.(z) be the
maximal trajectory of X through z. Along this trajectory,

L u(pr(2)) = Xulpr(2) = 1,

SO
u(pr(2)) = s+

whenever the trajectory is defined. In particular, for 0 < 7 < T — s one has
s/2<s+4+71<T,

so the trajectory stays in the compact set M. Standard ODE continuation therefore
shows that ¢.(2) is defined on the whole interval [0, T — s], and p7_4(z) € K.
Define

R (Z) . Z, A KT,
4 QOT,U(Z)(Z), zeU \ KT,

and

K
H:[01]xU—=U,  H@,z:)=1{" z € Kp,
or—u(x)(2), z€U\ Kr.

If 2o € U\ Kr, then the trajectory segment
{or(20) : 0 <7 <T —u(z)}

is contained in the compact set M, .y, on which X is smooth. Standard continuous
dependence for smooth ODEs therefore shows that the map

(0,2) = Qor—u(=))(2)
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is continuous near each point of [0,1] x (U \ Kr). At points with u(z) = T the two
formulas agree, so H is continuous on all of [0, 1] x U. Also

H(0,z) =z, H(1,z) = Rr(z2), H(0,z) = z for every z € Kr.

Thus Ry : U — Kr is a well-defined strong deformation retraction. In particular K
is connected, contradicting the previous paragraph. Therefore u has a critical point in
{0 < u < T}, and the set of positive critical values is nonempty.

Since u = —log | f| is smooth on U \ Z(f), its finite critical points are exactly the
points of U \ Z(f) where f'(z) = 0. Because f is squarefree on U, we have

Z(HNnZ(f) =2
Hence u has only finitely many finite critical points in U, and therefore only finitely

many positive critical values. Thus the set of positive critical values has a smallest
element, denoted A,. 0

Set
a:=\/4.

Then u has no critical values in [0, 4).

Lemma 7. For every t € [0,\,), the superlevel set K, := {u > t} is connected. In
particular,
K :={u>«a/2}, L:={u>3a/2}

are compact and connected.

Proof. Fix 0 < t < A.. By definition of A,, the function u has no critical points in
{0 <u <t} For z €U\ K, write s := u(z) € (0,t), and set

M, =Un{e <|f| <e ¥/}

As in the proof of Lemma 6, M; is compact and contained in {s/2 < u < t}, so the

vector field
Vu

[Vul?
is smooth on a neighborhood of M. Along the maximal trajectory ¢,(z) of X through
z one has u(¢,(2)) = s + 7, hence the trajectory stays in M, for 0 < 7 <t — s and
therefore exists on that whole interval. Consequently

R (Z) . z, z € Kt7
' Oruz(2), z€U\K,

X =

is well defined. Define

z, z € Ky,

Cot—uz)(2), 2€U\ K.

As in Lemma 6, the trajectory segments remain in the compact slab M, so standard
continuous dependence for smooth ODEs implies that H is continuous. Thus H is a

strong deformation retraction of U onto K. Since U is connected, K, is connected. The
case t = 0 is immediate.

H:[0,1]xU—=U, H(U,z)::{
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For any ¢t > 0,
Ke=Un{lfl<e}
because |f| = 1 on OU. The right-hand side is closed and bounded in C, hence compact.
Taking ¢t = a/2 and t = 3a/2 gives the compactness of K and L. U

Define
_ /2aPt)dt
q:= 5 (t) dt.

o

Since P(t) > 0 for a < t < 2, we have ¢ > 0. By Corollary 5,
1 0o
= [T P®ydt<m—q

9) 277/2a (t)dt <m—q

4. A GENERIC SPANNING TREE ABOVE THE BASE LEVEL
Lemma 8 (Connected regular regions are strips). Let 0 < a < b, and let V C U be a
connected open set such that:

(i)a<u<bonV;
(ii) w has no critical points on V;
(iii) every component of

OV \ ({u=a}U{u=0b})
is contained in an integral curve of
Vu
= W
Fort € (a,b) set
Y=V n{u=t}

Then for every s € (a,b) the flow of X defines a diffeomorphism

O, 3 X (a,b) =V, O (z,t) = pr_s(x),
where . denotes the time-t flow of X. In particular:

(a) every level section % is connected;
(b) OV N{u = a} is connected;
(¢) OV N{u = b} is connected.

Thus V' is a genuine strip with one lower cross-section and one upper cross-section.

Proof. Since Xu = 1, the function u increases at unit speed along each trajectory of X.
Fix s € (a,b) and x € 3. Let 7,(7) = ¢,(x) be the maximal trajectory of X through z.
We first claim that 7, (7) is defined for all 7 € (a — s,b — s) and remains in V. Fix
0 <n < min{s —a,b— s},
and let K, be the closure in C of the set VN{a+n < u < b—n}. The set K, is compact.
Indeed, since 0 < a < b and 0 < n < min{s — a,b — s}, we have a +n > 0, so
Vn{a+n<u<b—n}C{e M <|f| <e @MY

and the set on the right is closed and bounded in C because Ay is bounded. Hence K,
being the closure of a subset of a compact set, is compact. Every point of K, lies in the
interior of U: interior points of V' are obvious, while points of K, N OV lie on the side
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boundary of V' and satisfy a +n < u < b—mn, so they cannot lie on 9U = {u = 0}; hence
they also lie in the interior of U. By hypothesis each side-boundary component is an
integral curve of X, so Vu # 0 there as well. Therefore X is smooth on a neighborhood
of K,.

Along the trajectory one has

() = s +7
whenever v, (7) is defined. Thus, as long as
a+n <u(y(r) <b—mn,

the trajectory stays in K,. Standard ODE continuation then implies that the trajectory
cannot cease to exist while u(7,(7)) remains in [a 4+ n,b — 7.

The only remaining way in which the trajectory could fail to stay in V' would be to
hit the side boundary

OV \ ({u=a}U{u=1b})

at some first time 79 € (a — s,b — s). Let p = ~,(70). By hypothesis, the side-boundary
component through p is itself an integral curve of X. Since both that boundary curve
and -, solve the same ODE and pass through p, uniqueness for the initial-value problem
forces them to agree in a neighborhood of 75. But the boundary curve lies in 0V,
whereas v,(7) € V for 7 < 7 close to 79, a contradiction. Hence 7,(7) never hits the
side boundary.

Since u(7;(7)) = s + 7, the preceding paragraph shows that ~,(7) exists and lies in
V for every 7 € (a —s,b—s).

Therefore the formula

(I)s(x> t) = Spt_s(ﬂf)
is well defined on ¥4 x (a,b). It is smooth. If y € V| then the same compact-trapping
and first-hit argument, with u(y) in place of s, shows that the trajectory through y
exists on the interval [s —u(y), 0] and stays in V. Hence ¢p,_yy)(y) € X, and the inverse
map is
Y= (Pomuin(®) uly)),

which is smooth as well. So @, is a diffeomorphism.

Since V = ¥, X (a,b) and V' is connected, the fiber ¥; must be connected. This
proves (a). For € > 0 define

Vo=Vn{a<u<a+e}, co =V,

g 3

where the closure is taken in C. By the product representation, V.- = ®4(X, X (a,a+¢))
is connected, so C is connected. Since V' is bounded, each C- is compact. Moreover
the family is nested:
C,cC, (0<e<e),

and

N C- =0V Nn{u=a}.

e>0
Hence 0V N {u = a} is connected as an intersection of nested compact connected sets.
The proof of (c) is identical, using

VIi=vVn{b—e<u<b}
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O

Lemma 9 (Regular lemniscate components are Jordan domains). Let ¢ be a regular
value of u = —log |f|, and let W be a connected component of

{u>cp ={lfl <e}.

Then W is simply connected, and OW is a smooth Jordan curve.

Proof. Since c¢ is a regular value of u, the set OW C {u = ¢} is a smooth compact
1-manifold, hence a finite disjoint union of smooth Jordan curves.

Suppose that W had more than one boundary component. Choose an innermost
boundary component I' C W in the following sense: if H is the bounded Jordan
domain enclosed by I', then H contains no other boundary component of any connected
component of {u > ¢}. Such a choice is possible because the boundary consists of finitely
many disjoint Jordan curves.

By the choice of T', the interior H contains no point of {u > ¢}. Otherwise some
connected component of {u > ¢} would lie in H, and one of its boundary components
would be strictly inside I', contradicting innermostness. Hence

Hc{u<c}=A{|f| =}, OH =T C {u=c}.

In particular f has no zeros on H, so

vi=log|f]
is harmonic on H and continuous on H. On 0H we have v = —c. By the maximum
principle, v = —c on H. Thus |f] is constant on H, impossible for a nonconstant

holomorphic function.

This contradiction shows that W has only one connected component. Since it is a
smooth compact 1-manifold, it is a single smooth Jordan curve. Therefore W is simply
connected. 0

Lemma 10 (Regular-slab deformation and connectivity). Let V' be a connected compo-
nent of {u > ¢}, and let ¢ < a < b. Assume that u has no critical points on
M :=VNn{a<u<b}.
Write
Vor =V n{u >t} Voo =V n{u >t}
Then:
(a) the map

(pbfu(z)(z)a a < u(

1s a well-defined strong deformation retraction;
(b) if Vsp is connected, then Vs, is connected. More precisely, every point of Vs, can
be joined to Vsy, by a trajectory segment of X = Vu/|Vul? lying entirely in V,;
(¢) if moreover a and b are regular values, then every connected component of
V Nn{a <wu < b} is a reqgular strip in the sense of Lemma 8.

, > b,
Rap i Vaa = Vay, Rap(2) = {Z " z) <b
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Proof. Since u > ¢ on V and a > ¢, the compact slab M is contained in the interior of

V. On M the vector field
X Vu

CVul?
is smooth and satisfies Xu = 1.

If z € V5, and u(z) < b, then along the trajectory of X through z the value of u
increases linearly:

u(p-(2)) = u(z) + 1.
Hence the trajectory is defined for all 0 < 7 < b — u(z) and remains in M C V. This
proves that R, is well defined. Define
H:[0,1] x V5, = V5,
by
> b
H(s,z) = B u(z) 2 b,
Cso—u(z))(2), a <u(z) <b.

If 29 € V5, and u(zp) < b, then the trajectory segment

{or(20) : 0 <7 <b—u(z)}
lies in the compact slab M, on which X is smooth. Standard continuous dependence for
smooth ODEs therefore implies that H is continuous near each point of [0, 1] X (V4 \ Vsp).
On Vs, we have H(s,z) = z, and at points with u(z) = b the two formulas agree.
Therefore H is continuous on all of [0, 1] x V5,. It is immediate that

H(0,2) = z, H(1,2) = Rap(2), H(s,z) =z for z € V54,
Thus R, is a strong deformation retraction. This proves (a).
For (b), let z € V5,. If u(z) > b, then z € V5;,. Otherwise the trajectory segment
T = @ (2), 0<7<b—u(z),

lies in V5, and ends at R, () € V5, Therefore every point of V-, lies in the same
connected component of V5, as some point of V5;. If V5, is connected, it follows that
V.. is connected.

For (c), let S be a connected component of V N {a < u < b}. Since IV C {u = ¢}
and ¢ < a, every boundary point of S lying in V' belongs to one of the levels {u = a} or
{u = b}. Thus

0S\ ({u=a}Ufu=1}) =2,
so the side-boundary hypothesis of Lemma 8 is vacuous. Applying Lemma 8 to S gives
the desired strip structure. ([l

Component inheritance for nested superlevel sets. We shall use the following elementary
observation repeatedly. Let V be a connected component of

{u>c},
and let d > ¢. If C' is a connected component of
vV {u>d},

then C' is also a connected component of the global superlevel set {u > d}. Indeed, if
D is the connected component of {u > d} containing C, then D C {u > ¢}. Since D
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is connected and meets the connected component V' of {u > ¢}, we must have D C V.
Hence D C V N {u > d}, and by maximality of C' inside V N {u > d} we get D = C.

Lemma 11 (Geometric realization of a finite tree). Let T be a finite tree with vertex
set V(T) and edge set E(T). Suppose that to each vertex v € V(T') there is assigned a
point p, € U, and to each edge e = {v,w} € E(T) there is assigned an embedded arc

A, CcU

joining p, to py, such that:

(i) if v # w, then p, # pu;
(ii) the interior of A. contains no point p,;

(iii) if e # €', then the interiors of A. and Ao are disjoint;
(iv) if e = {v,w} and & = {v',w'} are distinct, then

Ae N Ae’ - {pvapw} N {pv/apw’}-

Equivalently, two distinct edge-arcs meet only at common endpoints, and they
meet there exactly when the corresponding edges of T share that vertew.

Then
H = U A,
ecE(T)

is homeomorphic to T'.

Proof. For each edge e = {v,w} choose a homeomorphism ¢, : [0,1] — A, with
©e(0) = p, and (1) = p,,. Because of (ii), no interior point of an edge-arc is identified
with a vertex-point. Because of (iii) and (iv), if e # €’ then points of [0, 1] and [0, 1] can
map to the same point of U only when both are endpoints corresponding to a common
endpoint-vertex of the two edges. Hence the maps (. are compatible with the quotient
relation defining the geometric realization |T| of the abstract tree. They therefore glue
to a continuous map
¢ |T| — H.

The map & is surjective by construction. It is injective because distinct open edges of
|T'| map into disjoint interiors by (iii), and an open edge can meet another edge-image
only at shared endpoint-vertices by (iv). Thus ® is a continuous bijection from the
compact space |T'| onto the Hausdorff space H C C, hence a homeomorphism. 0

Auxiliary topological fact. Let {2, 2; C C be Jordan domains such that
Ql C Qo and an N 890 = J.

Then Q; C Qp, and Qp \ Q; is homeomorphic to an annulus.

Indeed, since €2, is connected, meets €, and is disjoint from 9, it cannot meet the
exterior component of C\ 9. Hence €; C Qy. Now choose, by the Jordan—Schoenflies
theorem, a homeomorphism

h:Qy— D.
Then h(0€);) is a Jordan curve contained in D, so it bounds a Jordan domain A € D.
The set h(€2) is a connected component of D\ h(9€2;), whose two components are A
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and D\ A. Since h(€2;) is compactly contained in I, its closure does not meet oD, so
h(€2;) cannot be the outer component D\ A. Hence h(€2;) = A. Therefore

h(Q0\ ) =D\ A,

which is an annulus.

Proposition 12. Let 0 < ¢ < 2a, and let V' be a connected component of {u > c}
containing exactly m zeros of f. Assume that:

(a) u has no critical values on 'V in [c, 2a];
(b) all critical points of u in V' with value > 2a are nondegenerate;
(¢) all critical values of w in V' larger than 2« are pairwise distinct.

Then for every € > 0 there exists a finite embedded tree G. C V' containing all m zeros
of f in'V and satisfying

(10) len(G.) < 21 [ Potey+

™ 20
where Py (t) := H'({z € V : u(z) = t}) for reqular t > 2a.

Proof. If m = 1, then the one-point set consisting of the unique zero has length 0, so
the conclusion is immediate. Thus we may assume that m > 2.
Let the distinct critical values of u in V' above 2« be
200 < g < o < v ee < s

We claim that s > 1.
Indeed, suppose for contradiction that s = 0. Then there are no critical values of u
in (2a,00). We first claim that

Vase :={2 € V 1 u(z) > 2a}

is connected.
Let z € V with u(2) < 2a, and write
s, == u(z) € (¢, 2a).

Set

M, =V n{s, <u<2a}.
Because V' is a connected component of the open set {u > c}, it is relatively closed
in {u > c}; since s, > ¢, the set M, is closed in C. It is also bounded because Ay is

bounded, hence compact.
Moreover, u has no critical points on M., so the vector field

Vu
X =——
[Vul?

is smooth on a neighborhood of M,. Let ¢.(z) be the maximal trajectory of X through
z. Along this trajectory one has

d
- u(@r(2) = Vuler(2) - X(¢r(2)) = 1,
hence, as long as the trajectory is defined,

w(pr(2)) = s, + 7.
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Therefore, for every 0 < 7 < 2a — s,, the point ¢.(z) belongs to M,. Since X is
smooth on a neighborhood of the compact set M., the standard continuation theorem
for ODEs implies that the trajectory extends throughout the whole interval [0, 2a — s.].
In particular,

¢20¢_5z (Z) € VZQOé'
Define

Po2a—u(=))(2), u(z) < 2a,

H:0,1]xV =7V, H(Q,z)::{ (2) > 2

We claim that H is continuous. Fix s with ¢ < s < 2a. On the compact slab
VNn{s<u<2a},

the vector field X is smooth on a neighborhood, so its flow depends continuously on
initial data and time. Hence H is continuous on

[0, 1] % (VN {u > s}).

Since s € (¢, 2a) is arbitrary, these local continuity statements patch together to show
that H is continuous on [0, 1] x V.

Thus H is a strong deformation retraction of V' onto Vsg,. Since V' is connected,
V>94 1s connected.

Now let T' > 2« be a sufficiently large regular value such that {z € V : u(z) > T}
has exactly m connected components, one near each zero of f in V. Since there are
no critical values of u in [2«, T'], Lemma 10(a) gives a strong deformation retraction of
V=2, onto

Vor={z€eV:u(z) >T}.

Hence V>r is connected.

Let Wy, ..., W, be the connected components of {z € V' : u(z) > T}. Since T is a
regular value of u, every point p € {z € V : u(z) = T} has a neighborhood U, C V in
which, after a smooth change of coordinates, u —T" = x. Hence

U,N{u>T}
is connected. It follows that at most one component W; can accumulate at p. Therefore
the closures W, ..., W,," are pairwise disjoint. Moreover,
Rpe——
VZT - U Wj .
j=1

Since the closure of a connected set is connected, each ij is connected. Thus these m
sets are precisely the connected components of Vsp. Because m > 2, this contradicts
the connectedness of Vsr.

This contradiction shows that s > 1.

Choose pairwise disjoint closed intervals

I = [pr = Oy pir + 6] (1<r<s)
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so small that each I, contains no critical value of u other than pu,, and so small that
the local Morse neighborhoods constructed below can be chosen with associated length
bounds 7, > 0 satisfying

® €
T;m <5
Choose a regular value
To € (2a, g — 7).
For each zero a;, write
f(z) = (2 = a;)" Ry ()
on a neighborhood U; of a;, where hj(a;) # 0. Choose pairwise disjoint closed disks

B(aj,rj) (& Uj
and a holomorphic branch ¢; of h;/mj on B(aj,7;). Set

U(2) = (2 — a;)q;(2).
After shrinking r; if necessary, we may assume that 1; is biholomorphic on a neighbor-
hood of B(aj,r;) and that

f(z) =v;(z)™ (2 € B(ay,1;)).

Since @ZJJ_I is C'! near 0, there exist constants C; > 0 and p; > 0 such that, for every w
with |w| < p;, the preimage of the radial segment [0, w] under ¢} ! has length at most
Cjlwl.
Choose a regular value
T > g+ 0

so large that the connected components
Zis o Do
of {z € V :u(z) > T} have pairwise disjoint closures and, in addition, satisfy
(i) Z; € B(aj,r;) for every j;
(ii) e~T/ms < p; for every j;
(iii) >0, Cie™T/mi < /2.

For each j set

Then K, ..., K,, are pairwise disjoint compact sets, each lying in a small neighborhood
of one zero a; of f. Since f is squarefree, each Z; (and hence each Kj) contains exactly

one zero a;.
We first note that {z € V' : u > 7y} is connected. Choose a regular value ty € (¢, 2a).
As above, the absence of critical points on V N {c < u <t} gives a strong deformation
retraction of V' onto
VZto = {Z eV:.iu> to},

so V5, is connected. Since there are no critical points in {z € V : t;, < u < 7},
Lemma 10(a) shows that

Vary i ={2€V:iu>1}
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is connected. Next choose a regular value 7 € (79, 1 — 01). Applying Lemma 10(a) on
[10,71], we find that V5., is connected. Lemma 10(b) applied with a = 79 and b = 7
now gives that {z € V : u > 7y} is connected.

For each r =1,...,s, let p, be the unique critical point of u with critical value p,.
Since p, is nondegenerate and u is harmonic, the Morse normal form gives an open
neighborhood U, of p, and local coordinates (z,y) on U,, centered at p,., in which

u=p, + 2% =y

see, for example, [4]. Shrinking the U, if necessary, we may assume that the neighbor-
hoods U, are pairwise disjoint. Choose pairwise disjoint closed neighborhoods N, € U,
of p, so small that:

(i) N, C u (1,);
(ii) ON, is the union of one connected incoming cross-section
Cr_ - {u = Hr — 57"}7
two connected outgoing cross-sections
C:l, C,J{Q C {u=p, + 0.},
and finitely many flow segments of X joining the endpoints of these cross-sections;
(iii) inside N,., the local superlevel picture is the standard saddle picture: crossing
the level p, upward changes one component into two components;
(iv) outside N,, there are no critical points in the slab
Mr_5r§U§Mr+5r;
(v) there exists a number 7, > 0 such that, for every choice of points

- + +
z,— € C_, r,1 € Cy, T2 € Cy,

there is an embedded Y-shaped tree
Tr(xr,—a Lr1, xr,?) C Nr

with branch point p, and terminal vertices z, _, z, 1, x, 2, and

len(Tr(l’r,ﬂ L1, xr,2>) < nr;
(vi) there exist connected open collar neighborhoods
such that o s
C. ccr, chcch (i=12),
and every point of (U, \ N,,) N {7y < u < T'} sufficiently close to C, (respectively
to C,7;) on the exterior side of N, lies in C; (respectively in C%;).
We now justify the choice of the neighborhoods Ni,..
Fix r and work in Morse coordinates (z,y) centered at p, on a chart U, in which
u=p,+° -y

After relabeling the local sectors, and after possibly replacing y by —y, we may assume
that, for U, sufficiently small, the part of the component V' adjacent to p, consists of
one incoming sector

S, =U.N{y > |z|},
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and two outgoing sectors
S =U.n{z > |y}, Sty =UN{—z > |yl},

while the remaining sector
Ur 0 {y < —lzl}
is disjoint from V. This is exactly the local saddle picture for the connected component
V. crossing the level p, upward turns one branch into two branches.
Choose 0 < k, < 6, and shrink U, further so that the following three level arcs are
compact, pairwise disjoint except for their endpoints on the bounding flow lines, and

contained in V: o
Cy i=A{a? —y* = =0} NS, n{|zy| < K},

0:1 = {2’ -y = o tNSHN{lzyl < kit C:,rz ={a? =y’ = o tNSHN{lzyl < kit
Recall that
Vu
|V
In these coordinates the flow lines of X are the same as the gradient trajectories of u,
hence they are the curves xy = const, because

Vu
[Vul?
Let N, be the closure of the bounded region of V N U, enclosed by the three arcs

c-, C’:{ 1s C’: 5 together with the finitely many short flow segments through their endpoints.
Then N, € U,, and after shrinking U, once more we may ensure that

N, c u !(I,),

which gives property (7). By construction, ON, is the union of one connected arc
C; C {u=p, — 4.}, two connected arcs C;}, C/fy C {u = pi, + 6,}, and finitely many
flow segments of X, which gives property (7).

Property (i) is immediate from the model v = p, +2? —y*: inside N,., for 0 < ¢ < 4,,
the set

X(zy) = V(xy) - = 0.

N. 0 {u> p, —e}
is connected, whereas
N.0{u> p,. +e}
has exactly two connected components, namely the pieces in the two outgoing sectors
S, and Sy, Thus crossing the level p, upward changes one component into two.
Property (iv) holds because I, = [u, — d,, ptr + d,] contains no critical value other
than pu,., and U, was chosen to contain no critical point other than p,.
For property (v), let

QT',* S quu QT,l € qurla QT,2 S 0:2

be the three points where the local separatrices through p, meet the corresponding
cross-sections. Given arbitrary points

- + +
z,—€C, Tp1 € Cnl, T2 € Cy,

join each z, . to g, . by the shorter boundary subarc of its cross-section, and then join
each ¢, . to p, by the corresponding separatrix segment. The resulting union is an
embedded Y-shaped tree in NV, with branch point p, and terminal vertices x, _, z, 1, 2y 2.
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Because the whole construction shrinks to p, as é,, k, — 0, its total length tends to
0 uniformly in the choices of the three terminal points. Hence, after shrinking N, if
necessary, there exists 7, > 0 such that

len(Tr(arr,_, Ty1, xr,z)) <

for every such choice. This proves (v).
For property (vi), the three connected components of

(VNU)\ N,

adjacent to the cross-sections C,, C’: 1s C’;f , are one-sided open sectors. Intersecting them
with

{ro<u<T}
gives connected open collar neighborhoods
C,, Co, Chy,

and every point of (U, \ N,) N {7y < u < T} sufficiently close to the corresponding
cross-section on the exterior side lies in the corresponding collar. This is exactly property
(vi).

Since there are only finitely many critical points, we may choose the neighborhoods
N, pairwise disjoint and so small that, in addition,

i €
n < —=.
r=1 2
Set
S
Q={zeV:ing<u<T}\|JN.
r=1

We shall prove below that, for the neighborhoods N, chosen above, each of the
cross-sections C,, C;f}, C}f, lies on the boundary of a unique connected component of Q.

Let S be a connected component of 2. Since u has no critical points on S and every
side-boundary component of S is a flow line of X, Lemma 8 applies: S is a regular strip,
with one connected lower cross-section and one connected upper cross-section, and every
level section

Ft = S N {u = t}

is connected.

For such a strip S, let ag < bg be the levels of its lower and upper cross-sections. For
t € (ag,bs), let C,(S) denote the connected component of

{zeV u(z) >t}

that meets SN {t < u <t +n} for some (equivalently, every sufficiently small) n > 0.
Let ks be the number of zeros of f in Cy(S). This is independent of ¢ € (ag, bs). Indeed,
if ¢, < t3 both lie in (ag, bs), then the slab

M = Ctl(S) N {tl S u S tg}
contains no critical points of u. Hence the flow of

~ Vu
|Vul?
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provides the regular continuation of the component determined by S from level ¢; up to
level to; in particular, no splitting or merging of this component can occur between these
two regular levels. Thus the component of {u > t5} obtained from Cy (S) by passing
through the slab is exactly Cy,(S). Since every zero of f corresponds to the singular
level u = 400, no zero lies in the finite slab {#; < u <y}, and therefore the set of zeros
contained in the continued component is the same at levels ¢; and t,. Hence the number
of zeros in C4(.S) is constant on (ag, bg).

Lemma 13. For every strip S and every t € (ag, bs), the component Cy(S) contains at
least one zero of f. In particular,
ks > 1.

Proof. Fix t € (ag,bs) and set

W .= Ct(S)
Since t is a regular value and W is a connected component of

{z eV :u(z) >t}
we have
OW C {u=t}.
In particular, no zero of f lies on W, because u = +00 at every zero. -
Assume for contradiction that W contains no zero of f. Then f # 0 on W, so
u=—log|f|

is harmonic on an open neighborhood of W. Since u = t on W, the maximum principle
yields
u <t throughout W,

contradicting
W C {u>t}.
Therefore W contains a zero of f, as claimed. OJ
Set

Iy:=SNn{u=t}.
We claim that
9C(S) =T.

Since t is a regular value and Cy(S) is a connected component of {u > t} NV,
Lemma 9 implies that 9C(S) is a smooth Jordan curve contained in {u =t} NV.

Because t € (ags,bs) C (10,7) \ U;_; I, the level {u =t} NV does not meet any N,..
Hence

{u=t}NV ={u=t}NQ,
and I'; is a connected component of Q@ N {u = t}.

First, I’y € 9C(S): if x € Ty, then for every sufficiently small n > 0 the set
SN{t <u<t+n}lies in Cy(S) by definition, and its points converge to z. Since
x & Cy(9), this shows x € 9C,(9).

Conversely, dC;(S) is a connected subset of Q N {u = t}, and it meets I'; by the
previous paragraph. Because I'; is a connected component of QN {u = t}, it follows that

0Cy(S) C Iy.
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Combining the two inclusions gives
8Ct(S) == Ft-
Applying the auxiliary flux lemma to the component C;(S) gives

/ |Vu|ds = 2rks.
It

For an arc I C I'y,, let I, be its image under the flow from level ¢; to level 5. The
region swept by these trajectories has boundary consisting of I, I;,, and two flow lines.
Since Au = 0 in this region and Vu is tangent to the side flow lines, Green’s formula

gives
/|Vu|ds:/ |Vu|ds.
I I,

|Vu|ds
dp; =
He 271']{35
on I'; are probability measures preserved by the flow.
Fix s¢ € (ags,bs). For x € T',, let
:)V/m(t) = (I)So(th>7 te (a57b5)7

where @, is the strip diffeomorphism from Lemma 8. We claim that 7, extends

continuously to [ag, bs], with endpoint values on the lower and upper cross-sections of
S. Indeed, let K and K be the closures in C of the sets

SN{as <u< s} SN {sy <u<bg},

Thus the measures

respectively. These sets are compact because
SN{as <u<sp} C{as <u< sy}, SN{sp <u<bs} C{so <u<bg},

and the right-hand sides are closed and bounded subsets of C. Moreover every point of
K xi is noncritical: interior points because S contains no critical points, points on the
lower or upper cross-sections because these lie on regular levels of u, and points on the
side boundary because those components are integral curves of X. All such points lie
in the interior of V' \ {p1,...,ps}, so by continuity X is smooth on a neighborhood of
K UK. Since Xu = 1, standard ODE continuation shows that the trajectory through
z extends to times as — sg and bg — sg. Thus

Ve = 7%?([@5’ bS])

is a well-defined compact trajectory segment joining the lower cross-section of S to its
upper cross-section. For = € T’y , define

l(x) :=len(v,).
Since 7, (t) = @y, (x,t) for ¢ € [ag, bs], we have

(z) = / b 10,®s, (2, 1)| dit = / bs

as

S0

X (e (2, 1))] dt.

Because
Vu

[Vl
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it follows that .

[Vul’

bs dt
l(r) = /as V(@ (2, 1))]

Integrating with respect to the probability measure p,, and using Fubini,

/F Mz) dprso () = /‘;S ( /F |vu(<1>310(:ﬁ,t))| dﬂso(gg)> dt.

0

X =

and hence

Since the flow preserves the measures p;, we have

(CDSO('v t))#uso = M-
Therefore the inner integral equals

1 1 Ps(t)
du(y) = / ds = 3\
r, |[Vu(y)] () 21kg Jr, § 21ks

where Pg(t) := H(T';). For convenience, extend Ps to all ¢t € [ry, T| by setting
Ps(t) =0 for ¢ ¢ (ag,bg).

Thus

/5 len(’%{:) duso( ) 27’[‘1]65 /al; PS( )dt

Since p4, is a probability measure, there exists x € I'y, such that

1 bs
len(y,) < / Ps(t) dt.
2'/Tk5 ags

Fix such an x and denote the corresponding trajectory segment by ~g.
Summing over all strips and using Lemma 13, we obtain

ZS:len('ys) < 217T ZS: /TOT Ps(t) dt.

Because €2 is an open subset of the plane, it has at most countably many connected
components, so the family of strips is at most countable. Since every summand is
nonnegative, Tonelli’s theorem applies. Moreover, because distinct strips are disjoint,
for every regular ¢t € (79, 7") we have

ZPS Hu=1t}nQ) < Py(t).

=
/2
[n
[

Therefore
(1) > len(ys) <
S

(2) =
(3)
(11)

IN

1
27
1
27
1
2
1
2

IN
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We now prove the uniqueness statements needed for the combinatorics.

Closure across a regular level. If a is a regular value of v and E C C is open, then
En{u>a} NE=En{u>a}.

Indeed, the inclusion C follows immediately from continuity of u. Conversely, if z €
and u(z) = a, then Vu(z) # 0, so by the implicit function theorem there are points of
{u > a} arbitrarily close to z; since F is open, these points may be chosen in FE.

Bottom strip. Set
W, =V n{u>mn}.
We already know that W, is connected. Since there are no critical points on
Vin{n Su<p—di},
Lemma 10(a), applied on |79, 1 — 1], shows that
Vo= v {u > gy — 6}

is connected because V=7 is connected. Choose a regular value

71 € (1 — 01, ).
Applying Lemma 10(a) on [u; — &y, 71] shows that V=" is connected. Then Lemma 10(b),
applied with a = p; — 6; and b = 7, implies that
W1 ::Vﬂ{u>u1—51}
is connected.
By the component-inheritance paragraph above, both W, and W; are connected

components of the global regular superlevel sets {u > 79} and {u > p; — 01}, respectively.
Hence Lemma 9 applies to both of them, so each is a Jordan domain. Since

oW, C {u=m}, oWy C {u=p — o1},

these boundaries are disjoint. Because W7 C W, the auxiliary topological fact implies
that

W, c W,
and that

W’TO \ Wl
is an annulus. Since p; — d; is a regular value, the closure-across-a-regular-level observa-
tion, applied with £ = W, and a = p1 — 43, gives

Wl:WTom{u>M1_51}:Wﬂ)m{u2ﬂ1_51}‘

Hence

Wi, \Wi =Wo n{u < — 1} =Vn{n <u<pm—d}t= 4.
Therefore Ay is a connected annulus. Since there are no critical points on Ay, Lemma 10(c)
implies that every connected component of Ay is a regular strip. Because Ay is connected,
it is a single regular strip. Hence there is exactly one strip whose lower cross-section lies
in {u = 19 }; denote it by Sp.

Critical neighborhoods. Claim. For the pairwise disjoint neighborhoods N, chosen
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above, each of the cross-sections C C’;f 1, and C, lies on the boundary of exactly one
connected component of €2. More precisely, there exist unique connected components
S ST S;f 5

T r,1

of Q such that C; is the upper cross-section of S~ and C,f}, C/f, are the lower cross-
sections of S;7, Sy, respectively.

Proof of claim. Fix r, and let U, and N, be the Morse chart and neighborhood chosen
above. By properties (77) and (%), the three cross-sections

C, C{u=p, — 6.}, C:,_h O:,_Q C{u=p, +6,}

appear exactly as in the standard saddle picture, with the remainder of N, consisting of
flow segments of X. By property (vi), there exist connected open collar neighborhoods

C., Ch, ChLC(U\N)N{m<u<T}

Because the neighborhoods U, are pairwise disjoint and contain no other Ny, these
collars are in fact contained in €.

We first prove uniqueness for C, . Suppose that two distinct connected components
S1,5; of Q both had C in their boundary. Choose ¢ € C;". By the collar property,
there exists p > 0 such that

Blg,p)nQ2cC,.

Since ¢ € 051 N 09, the ball B(q, p) meets both S; and Se. But C, is connected and
contained in €2, so both S; and Sy must contain the connected set C, . Hence S; = Ss, a
contradiction. Therefore C;~ lies on the boundary of exactly one connected component
of €2; denote it by S .

The same argument, applied to the collars C:f , and Cf,, shows that each of C:’“ ; and
C’;f 5 lies on the boundary of exactly one connected component of €2, denoted 5;'7r 1 and
S;f 5, Tespectively.

Finally, the local saddle model shows that C_ lies on the side from which the flow
enters the saddle, whereas C;f , and C, lie on the two sides from which the flow exits.
Hence C is the upper cross-section of S, and C;f 1s C’,ff , are the lower cross-sections of

T

S, S5, respectively. This proves the claim. A Top strips. Set

Cs = [bs + 5.
Fix j € {1,...,m}. Let W; be the connected component of
Vn{u>ecl}
that contains K, and set
Y, =W;n{u>T}.

By the component-inheritance paragraph above, W is also a connected component of
the global regular superlevel set {u > ¢,}. Hence Lemma 9 implies that W, is a Jordan
domain.

We claim that Y} is connected.

For z € W; with u(z) < T, set

s, :==u(z) € (¢, T)
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and
M, =W;N{s, <u<T}
Because s, > ¢, and W is relatively closed in the open set {u > c.}, the set M;, is
closed in C. It is also bounded because Ay is bounded, hence compact.
There are no critical points of v on M; ., so the vector field

Vu

X=——
[Vul?
is smooth on a neighborhood of M; ..
Let ¢,(z) be the maximal trajectory of X through z. As long as the trajectory is
defined,
d

Lufprlz) =1,
hence
u(er(2) =u(z)+7=5.+T7.
Therefore, for every
0< 7T — s,
the point ¢, (z) lies in M; ,. Since X is smooth on a neighborhood of the compact set
M; .., the continuation theorem for ODEs implies that the trajectory extends throughout
the whole interval [0,T — s,].
Define

—uz)\%);, ulz <T,
Hy (0,1 x W, > W;,  H;6,2) = {W(T (2n(2), ul(z)

z, u(z) >T.

To prove continuity, fix s with ¢, < s < T. On the compact slab
W;N{s<u<T},

the vector field X is smooth on a neighborhood, so its flow depends continuously on
initial data and time. Hence H; is continuous on

[0, 1] > (W; N {u > s}).

Since s € (c,,T) is arbitrary, these local continuity statements patch together to show
that H; is continuous on [0, 1] x W.

Thus Hj is a strong deformation retraction of W; onto Y}, and therefore Y; is
connected.

Since T is a regular value, the connected components of V N {u > T} are precisely
Ky, ...,K,,. Theset Y; C VN{u> T} is connected and contains K, hence Y; C Kj.
The reverse inclusion is immediate, so Y; = K. Since Z; is a connected component of
the regular superlevel set V N {u > T}, Lemma 9 implies that Z; is a Jordan domain;
in particular K; = Z;. Since

8Wj C {U:C*}, aZJ :(3Kj C {UZT},
these boundaries are disjoint, and Z; C W;. Hence, by the auxiliary topological fact,
K;j=2Z;CW;

and

Wi\ K; =W;\ Z;
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is an annulus. Since T is a regular value, the closure-across-a-regular-level observation,
applied with &/ = W, and a =T, gives

Therefore

Wj\Kj:ij{u<T}:ij{C*<U<T}:Aj.
Therefore A; is a connected annulus. Since there are no critical points on A;, Lemma 10(c)
implies that every connected component of A; is a regular strip. Because A; is connected,

it is a single regular strip. Hence there is exactly one strip of €2 whose upper cross-section
is 0K; denote it by S;Op.

Exhaustion lemma for the strips. Every connected component S of ) has its lower
cross-section in exactly one of

{U - 7—0}7 C'7—},_17 C;‘,_Z (1 S r S 8)7
and its upper cross-section in exactly one of
C. (1<r<ys), 0K; (1<j<m).

Conversely, the unique strip with lower cross-section in {u = 79} is Sp; the unique

strips with lower cross-sections C;f), C/fy are S, S%,; the unique strips with upper
. _ _ . . . . t

cross-sections C are S, ; and the unique strips with upper cross-sections 0K are SjOP.

Proof. Let S be a connected component of 2. By Lemma 8, S is a regular strip, so it
has exactly one lower cross-section and exactly one upper cross-section, both lying on
boundary components of {2 contained in level sets of u. Now 02 consists of:

e the base level {u = 79},
e the top boundaries 0K; C {u =T},
e the cross-sections C- C {u = p, — 0, } and C’,J,fl, C,ffz C {u=p,+06.},
e and side-boundary flow segments on the sets ON,.
By definition, a cross-section of a regular strip cannot lie on a side-boundary flow
segment. Since the lower level of S is strictly smaller than its upper level, the lower
cross-section cannot lie on any 0K or C,, and the upper cross-section cannot lie on
{u =79} or any C/;. This proves the classification.
The converse uniqueness statements are exactly the uniqueness assertions for bottom
strips, critical neighborhoods, and top strips proved above. A
We now define a finite abstract graph T'. Its vertices are

V(T) = {vo} U{wr,...,ws} U{ly,... 0o},

where vy is the root, w, corresponds to the saddle p,, and ¢; corresponds to the zero a;.
For each strip S C 2, define an oriented edge eg from the vertex attached to its lower
cross-section to the vertex attached to its upper cross-section:

o if the lower cross-section of S lies in {u = 79}, then the lower endpoint of eg is
Vo,

e if the lower cross-section of S is one of the arcs C’;f i
eg is wy;

e if the upper cross-section of S is C;~, then the upper endpoint of eg is w,;

e if the upper cross-section of S is 0K, then the upper endpoint of eg is ;.

then the lower endpoint of
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By the exhaustion lemma above, every strip determines exactly one such edge.
Every non-root vertex has exactly one incoming edge: w, receives the edge eg-, and
¢; receives the edge egon. Likewise each w, has exactly two outgoing edges, namely e st
J Ty

and e Sty
Assign heights by

h(vo) =10,  h(w,) =pp,  h(l)=T+1.

Every oriented edge goes from a vertex of smaller height to a vertex of larger height.
Hence there is no directed cycle. Moreover, iterating the unique predecessor map from
any non-root vertex strictly decreases height, so after finitely many steps one reaches vy.
Thus every vertex is joined to vy by an undirected path, and the underlying graph is
connected.

We now show that the underlying graph is acyclic. By the construction above, every
non-root vertex has exactly one incoming edge, while vy has none. Therefore

B(D)| = [V(T)| - L

Since the underlying graph is finite and connected, this implies that it is a tree. Hence
the underlying graph of T' is acyclic, and therefore T' is a finite rooted tree.

We now realize T' geometrically. The neighborhoods N, and the value 7" have already
been fixed, and hence so have €, its strips S, and the trajectory segments .

For each r, let

Tr— = v5- NCL, Tri 7= Vg, N C’:i (1=1,2).

These points are well defined, because S has upper cross-section C~ and S;"; has lower
cross-section Cf.. They are pairwise distinct, since the three cross-sections

Or_u 07—",_17 C:,_Q
are disjoint subsets of ON,. Set

Cr = Pr.

By property (v) for the chosen neighborhood N,, there exists an embedded Y-shaped
tree

Tr = Tr(xr,—a Tr1, xr,?) - N'r
with branch point ¢, and terminal vertices z, _, , 1, 2, and
len(7,) < n,.

Therefore
(12) S len(T}) < g
r=1

Let zy be the lower endpoint of g, on the level {u = 7y}. For each j, let b; be the
upper endpoint of yger on K. By the earlier choice of B(a;,r;), ¢;, and T, we have

Z; = ;1 (D(0,e7"™)),  K; = ;Y (D(0,e7/ms)) C Blag, 7).
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If w; = 1;(b;), then |w;] = e T/™i so the radial segment [0,w,] is contained in
D(0, e~T/m5) and its relative interior is contained in D(0, e~T/™3). Therefore its preimage
under ¥ !'is an embedded arc
0j - Kj, O';-) - Zj,
joining a; to b;. By the choice of Cj,
len(o;) < Cje=T/mi.

Therefore, by the choice of T,

(13) f:llen(aj) <

Do M

For each strip S, define an embedded arc Ag as follows:

e if eg joins vy to w,, let Ag be the union of 75 and the unique arm of 7, joining
the upper endpoint of vg to ¢,;

e if eg joins w, to w,s, let Ag be the union of the unique arm of 7T, from ¢, to the
lower endpoint of vg, the segment g, and the unique arm of 7, from the upper
endpoint of vg to ¢;

o if eg joins w, to ¢;, let Ag be the union of the unique arm of 7, from ¢, to the
lower endpoint of g, the segment s, and the arc o; from the upper endpoint of
Ys to a;.

The geometric vertices are

Pvy = To, Pw, = Cr, DPe; = aj.

We verify the hypotheses of Lemma 11 for the family of arcs {Ag}. First, if § # 5,
then

Vs N vs = 9,
because distinct strips are disjoint subsets of {2. Second, for each r, the tree T,. C N,
meets the rest of the construction only at its terminal points z, _, z, 1, x,2: indeed the
neighborhoods N, are pairwise disjoint, each N, is disjoint from every Z;, and a strip
trajectory can meet 0N, only at the cross-section belonging to that strip. Third, for each
J, the arc o; C K has interior contained in Z;, and it meets the rest of the construction
only at its endpoint b; € K. Indeed, the sets Zi, ..., Z,, are pairwise disjoint and
disjoint from all N,, so the arcs o; are pairwise disjoint and are disjoint from every 7.
Moreover, every strip trajectory g is contained in

QC{n<u<T},

whereas
O';CZ]C{U>T}
Hence 75 N o = &, and the only possible intersection between o; and the strip part of
the construction is the point b;, where o; attaches to ~ygtop.
J

It follows that the interior of each Ag contains no geometric vertex, the interiors of
distinct arcs Ag and Ag are disjoint, and two distinct arcs can meet only at a common
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geometric endpoint corresponding to a common endpoint of the associated edges of T'.
Hence Lemma 11 applies:

H .= UAS
S

is homeomorphic to 7. Since T is a tree, H is a finite embedded tree in V' containing
all zeros aq,...,a,.
Finally,

len(H) <> len(ys) + > _len(T;) + > len(o;).
S r=1 j=1
Using (11), (12), and (13), we obtain
1 o)
len(H) < 27/ Py(t)dt + <.

T J2a

Setting G. := H proves (10). O

5. AN EXPLICIT PERTURBATION LEMMA

We now replace the abstract transversality step by a concrete two-parameter pertur-
bation. Fix a squarefree monic polynomial f, a component U C Ay containing exactly
m > 2 zeros of f, and the number « introduced above. Define the compact collars

K :={z€U:u(z) > «a/2}, L:={z€U:u(z) >3a/2}.

Then K and L are compact and connected by Lemma 7.

Set
c = 3a/2.
Since u has no critical values in [0, 4«), the value ¢ is regular. Let
Wi, ..., W,

be the connected components of {z € U : u(z) > c¢}. We claim that the closures W are
pairwise disjoint. Indeed, if p € W; N W;, then u(p) = ¢. Because ¢ > 0, the point p lies
in the interior of U. Since c is a regular value, the implicit function theorem gives local
coordinates near p in which

u—c=umx.

Hence locally {u > ¢} is a single open half-disk, so only one connected component of
{z € U : u(z) > c} can accumulate at p. Thus the sets W; are pairwise disjoint. Every
point of

L={z€U:u(z) >c}

lies in J; W;: if u(p) > ¢, then p € {u > ¢} = U; W; C U, W;; if u(p) = ¢, then the
same local normal form shows that points with u > ¢ lie arbitrarily close to p, so again
p € U; W;. Therefore

L=W.
=1

Since L is connected by Lemma 7 and the W; are pairwise disjoint closed subsets of L,
it follows that r = 1. Let W := Wj. Because W C U C {u > 0} and ¢ > 0, the set W
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is also a connected component of the global superlevel set {u > ¢}. Hence Lemma 9
implies that W is a Jordan domain and

L=W.
An entirely analogous argument with
d:=a/2

shows that K is a compact Jordan domain. Indeed, d is also a regular value because u
has no critical values in [0,4a). If Y3, ..., Y} are the connected components of {u > d},
then exactly as above their closures are pairwise disjoint and

K={u>d}=JY.
i=1
Since K is connected by Lemma 7, we must have s = 1. Let Y :=Y). Because d > 0
and Y C U C {u > 0}, this set Y is a connected component of the global superlevel set
{u > d}. Hence Lemma 9 implies that Y is a Jordan domain and
K=Y.
Choose pairwise disjoint closed disks
Dy,...,D,, €@{u>5a/2}nW
centered at the zeros of f in U, so small that each D; contains exactly one zero and

dp:= min |f'(2)] > 0.
ZEU;‘n:1 Dj

In particular,
B:={z€U:a/2 <u(z)<ba/2}
is disjoint from UJj2; D;. Define

m

LO = L\ U lHt(DJ)

J=1

Since W is a Jordan domain, W is homeomorphic to the closed unit disk D by the
Jordan—-Schoenflies theorem. Under such a homeomorphism, the sets D; correspond to
pairwise disjoint compact topological disks E; C D.

Auziliary fact. Let Q be a closed topological disk, and let Fy,..., E, C int(2) be
pairwise disjoint compact topological disks. Then

O\ Ql int(E;)

is path connected.
Proof of the auxiliary fact. Set

X, :=Q\ O int(E;) (0 <r<m),

so Xo = (2. We first prove by induction on r that each X, is connected. This is clear for
r = 0. Assume that X,_; is connected, and consider

X, = X,_; \ int(E,).
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Let U be a connected component of X, \ 0E, = X,_1\ E,. Then U is a nonempty proper
open subset of the connected space X, _1, so its boundary in X,_; is nonempty. Every
such boundary point must lie in E,. N X, = JF,. Hence the closure of each connected
component of X, \ 0F, in X, meets OF,.

Now suppose that X, = AU B is a separation. Since 0F, is connected, it must lie
entirely in one side, say OF, C A. Each connected component U of X,.\ OF, is contained
either in A or in B; but if U C B, then, because B is closed in X,., the closure of U in X,
would also be contained in B, contradicting U N JE, # &. Thus every such component
lies in A, and therefore B = @. So X, is connected, completing the induction.

Finally, each point of X,, has a neighborhood in X, homeomorphic either to an open
disk or to a closed half-disk. For interior points this is immediate. If = lies on 02 or on
some OF;, then, because the finitely many compact Jordan curves 02, 0E,, ..., 0E,, are
pairwise disjoint, there is a small neighborhood of z meeting no boundary curve other
than the one through z. The Jordan—Schoenflies theorem then straightens that boundary
curve locally to a line, so the corresponding neighborhood of z in X, is homeomorphic
to a closed half-disk. Thus X, is locally path connected. Since connected and locally
path connected spaces are path connected, X,, is path connected. This proves the
auxiliary fact.

Applying this with = D, we obtain that
D\ U int(E))
=1
is path connected. Pulling paths back unjder the Schoenflies homeomorphism shows that
Lo=L\ 6 int(D;)
j=1

is path connected, hence connected.

For A, 3 € C define
Ds(2) = f(z) +Az+ 8, uyg:=—loglgngs

Lemma 14 (Explicit perturbation). There exist arbitrarily small parameters (X, 3) € C?

such that, writing g 1= g3 and u, := —log|g|, the following hold:
(1) each D; contains exactly one zero of g, this zero is simple, and g has no zeros on

(2) uy has no critical values in o, 2a] on K;
(3) every critical point of uy in K with value > 2o is nondegenerate;
(4) all critical values of uy in K larger than 2« are pairwise distinct.

Proof. We proceed in five steps.
Step 1: keep the zeros in the prescribed disks. Since each D, contains exactly one
simple zero of f and f has no zeros on

C:=K\ G int(D;),

we have
dc = Izrél(l;’l|f(2)| > 0.
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Choose 19 > 0 so small that ny < 0¢/2. If
sup |g(2) — f(2)| < o,
zeK

then g has no zeros on C', since

19(2)] 2 |f(2)] = l9(2) = f(2) > dc/2 (2 €C).
On the other hand, for each j, since f has exactly one zero in D; and no zero on 9D;;,
Rouché’s theorem on dD; shows that g also has exactly one zero in D;, counted with
multiplicity, provided the same uniform bound holds. Thus each D; still contains exactly
one zero of g, and g has no zeros on

K\ | Dy
j=1

Since
sup |gx,6(2) — f(2)| < [A[max || + |3,
z€K zeK

this zero configuration is preserved for all sufficiently small (A, 3).
Moreover, if
|)\‘ <0 D / 2,
then for every z € UL, Dy,

19" () = 1f'(2) + Al = [f(2)] = |Al > dp/2,
so ¢’ has no zeros on any D;. Combined with the preceding paragraph, this shows that
the unique zero of g in each D; is simple.
Step 2: make the critical points simple.
On the zero-free set {g # 0}, the function u, = —log|g| is smooth, and its critical
points are exactly the zeros of ¢’, because

V(-loglg]) =0 <= ¢'=0  on {g#0}.
But
9'(z) = f'(z) + A

A zero ¢ of f'+ X is multiple if and only if

f(O)+A=0 and f"(¢) =0,
equivalently,

A=—f(¢) with f(¢()=0
Therefore the bad set

Y= {=f1(0): f"(¢) =0}
is finite, and for every A ¢ ¥ all zeros of '+ X are simple.
We now show that simplicity of the zero of ¢’ implies nondegeneracy of the corre-

sponding critical point of u,. Let ¢ satisty g(c) # 0, ¢’'(¢) = 0, and ¢”(c) # 0. Choose a

simply connected neighborhood of ¢ on which g has no zeros, and let F' = logg be a
holomorphic branch there. Then

Since
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we have F'(c¢) = 0, and

F(e) = 9 (¢) £0.
Hence
F//(C)
2

ug(2) = uy(c) — %(F;(C> (2 — c)2> +O(|z — ).

The quadratic form %(A(z - 0)2) with A # 0 is nondegenerate and has signature (1, 1).
Therefore the Hessian of u, at c is nondegenerate. Thus every critical point of u, on
{g # 0} corresponding to a simple zero of ¢’ is a Morse saddle.

Consequently, for every A ¢ 3, every critical point of u, with finite critical value is
nondegenerate.
Step 3: make the complex critical values distinct. Set

Hy(z) == f(2) + Az

Its critical points are the zeros of

F(z) = F(c) + (=) + O(z = c?),

SO

Hy(2) = f'(2) + A
The critical values of Hy are contained among the roots of the resultant polynomial
Ry (w) := Res, <f’(z) + A f(z) + Az — w).

If two distinct critical points of H) have the same critical value, then R, has a repeated
root. Hence the discriminant

A(X) := Discy, Ry(w)
vanishes. Therefore every A for which the critical values of H) are not pairwise distinct
belongs to the algebraic set

Yo :={A: A(N\) =0}.
To prove that such bad parameters do not fill the plane, it suffices to exhibit one value

of A for which the critical values of H) are pairwise distinct. The asymptotic argument
below does exactly this: for all sufficiently large |\|, the critical points cx(\) satisfy

ck(N) = pwi, + O(1),

and the corresponding critical values satisfy

Hy(cx(N) = —(n = 1)p"wi + O(lp" ™),
so they are pairwise distinct. We now carry out that asymptotic argument in detail.
Write

f'(z) =nz""1 +Q(2), deg@Q < n—2.
Fix R > 0, to be chosen later. Let A # 0, choose p € C such that
pn_l - —)\/TL,

and let wy,...,w, 1 denote the (n — 1)st roots of unity. For each k set

) = puwy, Cr:={z:|z—c)| = R}.

Then ¢, ...,c2_, are precisely the zeros of nz""1 + .
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Let z € Cy, so that z = ¢ + £ with || = R. Since

n—2
n" P A =n""t = ()" =n(z - ) Z 2 ()™
m=0
we have
n—2
Inz""'+ A =nR|> 2" ()™
m=0

Factoring out (c)"~? gives

n—2 n—2 5 n—2—m

ST = ()Y <1 + co> :

m=0 m=0 k
Because R is fixed and |¢}| = |p| — oo as || — oo, the second factor converges uniformly
on all the circles Cy to n — 1. Therefore there exists p; > 0 such that, for all |p| > p;
and all z € C},

n—2 - 1
> ) = el
m=0 2
Hence
_ n(n—1 e
(14 et a > M0 Vg ey > ).
Now write )
Qz) =Y _ a7’
§=0
and set

n—2 3 J
Co = Z |a;] (2> .

=0
If |p| > 2R and z € Cy, then |z| < [p| + R < 3p], so

n—2 ) n—2 3 j ) .
(15) Q)< X lasllsl < X lasl (5) 1o < Colpl ™.
=0 =0

Choose R > 0 so large that
-1
n(nz)R > (.
Then, by (14) and (15), there exists py > max{p;, 2R} such that for all |p| > py and all
z € Ck,
Q(2)] < [n2""" + Al
Therefore Rouché’s theorem implies that, for every such p, the polynomial
')+ A=n""1"+ A+ Q(2)

has exactly one zero inside each disk bounded by Cy. Since f'(z) + A has degree n — 1,
these are all of its zeros. Denote them by ¢1()\), ..., c,—1(A). In particular,

ck(A) = pwip + O(1)

uniformly in k as |A| — oc.
Now write
f(2) = 2"+ by 12" -+ by
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Since f'(cx(N)) + A = 0, we have
Hy(er(A) = fer(N) + Ack(A) = few(N) — cu(A) f'(er(N)).
But
f(2) = 2f(2) = =(n = 1)2" + Q(2),
where deg@ <n — 1. Hence
Hy(cx(N) = —(n = Der (V)" + Q(ex(N)).
Since c,(\) = pwi + O(1), it follows that
cr(N)" = p"wi + O(|p|" ™) = p"wi + O(lp" ™),

= 1 implies wj = wg. Also

Qex(N) = O(lpI"™).

because w; !

Therefore
Hx(cr(N) = —(n = 1)p"wy, + O(lp|" ).
If k£ # 7, then

Hy(cx(N) = Ha(ce(N) = =(n = 1)p"(wy, — we) + O(|p|" ™).

Since wy # wy, the leading term has modulus bounded below by ¢|p|™ for some constant
¢ > 0 depending only on n, whereas the error term is O(|p|"~!). Consequently, for all
sufficiently large |A|, the critical values Hy(c1(A)),. .., Hx(cp—1(N\)) are pairwise distinct.

Thus A()N) # 0 for all sufficiently large |A|, so A # 0. Since A is a polynomial, the
set Yy is finite. Choose a small A\ ¢ ¥; U Xy, Then H) has simple critical points and
pairwise distinct complex critical values.
Step 4: keep all critical values in K above 2a.. Let

Zi={Ce K f1(¢) =0},
Since f’ has no zeros on 0K, the set Zx is finite and contained in int(K). Set
M := max |z|.
zeK

If Z = @, then f'(z) # 0 for every z € K. Since K is compact and |f’| is continuous,
the minimum

O = min | f'(2)]

zeK
is strictly positive. Choose A so small that
A < —.
A <2
Then for every z € K,

1
19 () = 1f'(z) + Al = |f'(2)] = |\ = g > 0.

Hence ¢’ has no zeros on K. In particular, u, has no critical points in K, so there are
no critical values of u, arising from critical points in K. Moreover, any zero of g lying
in one of the root-disks D; is a logarithmic singularity of u,, not a smooth critical point,
and by Step 1 it satisfies u, > 5 /2. Therefore such zeros do not contribute any level in
[, 2a]. In particular, no critical value of u, on K lies in [a, 2a]. In this case set

By = 1.
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If Zx # @, then, because u = — log | f| has no critical values in [0,4a), every ¢ € Z
satisfies

fO < e
Set
M, := max |f({)], N =€ 2* — M, > 0.

(€ZK

Choose pairwise disjoint closed disks E; € int(/K), one around each ( € Zk, also
disjoint from U7~ Dj, so small that

* _ 3*
|f(z)|§M*+n—:eZO“— Z (zeE:: UEC),

(€EZK

and such that f’ has no zeros on K \ E. Set

e . ! e . . !
Op = Zg;g{lElf () >0, 4= min nin /()] > 0.

Shrink X further so that

|A| < m1n{2, o 4M}'

Then for every z € K \ E,
/ / Op
|f(Z)+/\|Z|f(Z)|—|/\|>?>07

so f'+ A has no zeros on K \ E.
Moreover, for each ¢ € Zx and every z € 0F,
Al < [f'(2)I-

Hence, by Rouché’s theorem on 0E;, the functions f" and f’ 4+ A have the same number
of zeros in E¢, counted with multiplicity. In particular, every zero of f' 4+ A lying in K
belongs to E. Since the critical points of Hy(z) := f(z) + Az are precisely the zeros of

Hi(z) = f'(z) + A,
it follows that every critical point ¢ of Hy in K lies in E. Therefore

31y

fe)l < e = 2

Hence
[HA(c)] < |F(e)] + I\ e] < [f(e)] + [\M < e — %

Now choose [ so small that
s
< —.
81 < 2
Then for every critical point ¢ of Hy in K,
lg(c)| = [Hx(c) + 8] < [HA(o)] + |B] < e
Since the zeros of ¢' are exactly the critical points of Hy, we have proved that

d)=0,ce K = |g(c)] <e .
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At this stage we have not yet shown that such a point ¢ is not also a zero of g.
Accordingly, the preceding inequality does not yet by itself produce a critical value of
ug. The required nonvanishing statement

g(c)=0,ce K = g(c)#0
will be proved in Step 5 using the zero exclusion from Step 1. Once that is established,
every critical point ¢ of u, in K satisfies
ug(c) = —loglg(c)| > 2a,

and therefore u, has no critical values in [a, 2] on K.
In this case set

L
B =+

Step 5: make the moduli distinct. We first dispose of the case Zx = &. In that case, by
the first part of Step 4 we chose A so small that

9'(2)] = f'(z) + Al =0k /2>0 (2 € K),

so ¢’ has no zeros on K. Hence ¢ has no critical points on K, and therefore u, has no
critical values arising from critical points in K. In particular, conclusion (4) is vacuous
in this case. For the already fixed A, Step 1 yields a number ;(A\) > 0 such that the
zero configuration in the disks D; is preserved whenever

18] < BL(A).

We may therefore choose any 3 with

0 < |A] <min{f1(A), 8.},

where here f, = 1 is the choice made in Step 4. Then conclusion (1) holds by Step 1,
conclusion (2) is already established in the case Zx = @, and conclusions (3)—(4) are
vacuous. This proves the lemma in this case.

Assume from now on that Zx # &, and fix the previously chosen

A ¢ YUY,
Since A is now fixed, Step 1 yields a number 1(\) > 0 such that every g with
18] < Bi(A)
preserves the zero configuration in the disks D;; equivalently,
g has exactly one simple zero in each D; and g, g has no zeros on K \ U D;.
j=1
From this point on, restrict to § satisfying

We now verify the deferred claim that no critical point of g in K is a zero of g. Indeed,
if ¢ € K satisfies

then
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so ¢ is a critical point of
Hy(z) := f(2) + Az
By Step 4, every critical point of Hy in K lies in

E:LJQcK\H@.
=

(€EZK

By the choice of f;(A) in Step 1, the function g has no zeros on
K\ |JD;.
j=1

Hence

g(c) # 0.

Therefore each critical point ¢ of g in K is a genuine smooth critical point of u4, and
its critical value is
ug(c) = —loglg(c)| = —log [Hx(c) + A].
By Step 4, this value is > 2a.
Let aq,...,ay be the pairwise distinct complex critical values of H, arising from
critical points in K. After adding 3, they become a; + (3, ...,ay + . Their moduli fail
to be distinct only if, for some i # 7,

|ai + B] = |a; + 5.
Equivalently,
|a; + BI* — la; + 8] = 0,
that is,
2R(ai = ay)) + laif* ~ |y = 0.

For fixed ¢ # j, this is a nontrivial affine real linear equation in 3 € C = R?, so it defines
an affine real line. The bad values of [ therefore lie in a finite union of affine real lines in
C =2 R%

The punctured disk
0 < |B| < min{B1(N), B+}

cannot be contained in a finite union of affine real lines, so we may choose [ in that
disk outside the bad set. Then the numbers

|CL1+5|,...,’CLN+5|

are pairwise distinct. Since the map ¢t — —logt is strictly decreasing on (0, 00), it
follows that the critical values of u4 arising from critical points in K larger than 2a are
pairwise distinct.

This proves the lemma. 0

Remark. Lemma 14 is only a local genericity statement on the fixed compact set K.
It does not claim anything about critical points of u, outside K. This is sufficient
for the argument below, because Lemmas 15 and 16 show that the relevant perturbed
component Vj lies in K, so every critical point relevant to Proposition 12 is contained
in K.
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6. STABILITY OF THE COLLAR INTEGRAL AND OF THE RELEVANT COMPONENT

We retain the notation of the previous section.

Lemma 15 (Component stability). Suppose g — f uniformly on K and that, for all
sufficiently close g,

(a) each D; contains exactly one zero of g;
(b) g has no zeros on K\ U; D;.

Then, for all sufficiently small perturbations, there exists a unique connected component
Vy of
{z€ K:—loglg(2)| > a}
such that
Ly CcV, Ccint(K) C U,

and V, contains exactly the m zeros of g lying in the disks D).

Proof. On Ly one has u > 3a/2, while on 0K one has u = «/2. Uniform convergence
implies
—log|g| > a on Ly, —loglg| < @ on OK
for all sufficiently small perturbations. Thus the connected set Ly lies in a unique
connected component
V, C int(K)
of the open set
{—log|g| > a} Nint(K).
Since —log |g| < a on OK, this is equivalently a connected component of {—log |g| >
a}NK.
Fix j. Since 0D; C Ly C V,, we have |g| < e™® on 0D;. By the maximum modulus
principle,
lg| < e throughout D;.
Thus D; C {—log|g| > a} N K. Since 0D; C V, and V; is open, the set D; NV, is
nonempty. Because D; is connected and lies in {—log|g| > a} N K, it must be contained
in the connected component V,;. Hence D; C V,, so the zero of g inside D; belongs to
Vy. There are no other zeros of g in K, hence V, contains exactly these m zeros.
We next prove uniqueness. Suppose, for contradiction, that W is another connected
component of

{=loglg| > a} N K.

Because —log |g| < a on 0K, every connected component of {—log|g| > a} N K is
contained in int(K); equivalently, W is a connected component of the open set

{—loglg| > a} Nint(K).

Since V, contains every disk D;, the set W is disjoint from each D;.
We claim that in fact

WnoD;j =2  (1<j<m).

Assume otherwise, and choose
pE W N 8D]
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for some j. Because 0D; C Ly C V,, and because Ly C int(K) while —log|g| > a on
Ly, there exists r > 0 such that

B(p,r) C {—log|g| > a} Nint(K).
Since p € dD; and D; C V,, the ball B(p,r) meets V,. Because p € W, it also meets
W. This is impossible, since a connected subset of the open set {—log|g| > a} Nint(K)

cannot meet two distinct connected components of that set. This proves the claim.
Therefore

wWcK\ D,
j=1
By assumption, g has no zeros on

K\ | D,
j=1

Since W is disjoint from each D; and W € int(K), the compact set TV is contained in
the open zero-free set

int(K) \ |J D;.
j=1
Hence there exists an open neighborhood Ny, of W on which g # 0. Therefore

—log g

is harmonic on Ny, and in particular on a neighborhood of W.
We claim that
oW c (K N{—loglg| = a}) UK.

Indeed, let p € OW Nint(K). Since W is a connected component of the open set
{=log|g| > a} Nint(K), the point p cannot satisfy —log|g(p)| > «; otherwise, by
continuity, some ball B(p,r) C int(K) would be contained in {—log |g| > a} Nint(K)
and would meet W, forcing B(p,r) C W, contrary to p € OW. On the other hand, p
is a limit point of W C {—log|g| > a}, so continuity gives —log|g(p)| > «a. Hence
—log|g(p)| = a.

If instead p € OW N OK, then the first paragraph of the proof gives —log |g(p)| < a.
Therefore

—loglg| < on OW.

Since W is bounded and — log |g| is harmonic on a neighborhood of T, the maximum
principle yields
—loglg| <« throughout W,
contradicting
W c {—log|g| > a}.
Thus Vj, is the unique connected component of
{=loglg| > a} N K.

Finally, because —log |g| < a on 0K, a path in {—log |g| > a} starting in V, cannot
cross 0K . Hence Vj is also a connected component of the full superlevel set

{—loglg| > a}.
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Lemma 16 (Continuity of the collar integral). Assume g — f in C'(K), and assume
that, for all sufficiently close g,

(a) each D; contains exactly one zero of g;
(b) g has no zeros on K\ UjL, D;.

Let V;, be the corresponding component from Lemma 15, and define

1 2c P J
= t)dt
g 271_/@ g( ) )
where
P,(t) = H'({z € V1 uy(z) = t}) for regular ¢,
and ugy := —log|g|. Then
g — ¢ as g — f in CY(K).
In particular, for all sufficiently small perturbations,

4q
> —.
dg 9

Proof. Because the disks D; were chosen inside {u > 5a/2}, the compact band
B:={z€U:a/2<u(z)<ba/2}

is disjoint from UL, D;. Since all zeros of g in K lie in the disks Dj;, the function
u, = —log |g| is well defined on B for all sufficiently small perturbations.
Because f has no zeros on

C:=K\ G int(D;),
j=1
there exists m¢ > 0 such that
|f] = me on C.
Since D; C {u > ba/2} for each j, we also have

Mp:= max |[f(z)| < e Y2 < g2,

=1 Di
Choose the perturbation so small that
g — fllzee(r) < min{me/2, e>* — Mp}.
Then g has no zeros on (', and in fact
lg| =mc/2  onC,
while on the union of the root disks we have
9] < Mp +llg = fllzeoq) < €7
Equivalently,
Uug > 2a on O D;.
=1
Hence the entire collar region {a < u, < 2a} N }( is disjoint from the disks D;.
On the zero-free compact set C', the formulas

u = —log|fl, uy = —log|g],
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Vu = ~Vog|fl),  Vu, = ~V(log]g)
and the lower bound |g| > m¢/2 show that ¢ — f in C'(K) implies
ug — u uniformly on C, Vuy, — Vu  uniformly on C.

In particular, since B C C', we have uniform convergence on B as well. Since u has no
critical points on B, there exists ¢y > 0 such that

Vu| > ¢ on B.
Hence, for all sufficiently small perturbations,
|Vug| > ¢p/2 on B,

so ug has no critical points on B.
We next identify the relevant collar region for w,.

Claim.

{zeV,:a<uy(z) <2a} ={z€ K:a<uyy(z) <2a} CB.
Likewise,

{zeU:a<u(z)<2a}={2€ K:a<u(z) <2a} CB.

Proof of claim. Let z € K satisfy
a < ug(z) < 2.

Since u, > 2 on each disk Dj, the point z cannot belong to
U D;.
j=1

Hence z € C. Because u, — u uniformly on C, for all sufficiently small perturbations
we have

«
llug — UHLOO(C) < 5
Therefore
2 < u(z) < ba
2 27
so z € B.

Moreover, u,(z) > «, and Lemma 15 says that Vj is the unique connected component
f
’ {ug > a} N K.
Thus z € V;. We have proved that
{ze K:a<uy(z) <2a} CV,NB.
The reverse inclusion is immediate, so
{zeV,:a<uy(z) <2a} ={z€ K:a<uyy(z) <2a} CB.
For the unperturbed function u, recall that
K ={u>a/2}.
Hence any point z € U with o < u(z) < 2a automatically lies in K, and therefore in B.
Thus
{zeU:a<u(z)<2a}={2z€ K:a<u(z) <2a} CB.

This proves the claim.
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Applying the coarea formula on the band B, we obtain

2mq = /B Lia<u<2a} |Vu| dA,
and
2mq, = /B Lia<uy<2a} |Vug| dA.
Set

E:={z€ B:a<u(z) < 2a}, E, ={z€ B:a<uyz) <2a}.

Because u, — u uniformly on B, we have
1g,(2) = 1p(2)
for every z € B such that u(z) ¢ {«,2a}. The exceptional set is contained in
{u=a}U{u=2a},

which has planar measure zero by Lemma 3. Thus 1, — 1g almost everywhere on B.
Also, for g sufficiently close to f, uniform convergence of the gradients gives a constant
Mp < oo such that
|Vu,| < Mg on B.
Therefore the integrands
1g,|Vu,|

are dominated by the integrable function Mplpg, and they converge almost everywhere
on B to

15|Vul.
By dominated convergence,
49 — 4
In particular, ¢, > ¢/2 for all sufficiently small perturbations. U

7. PROOF OF THE MAIN THEOREM

We now complete the argument.

Lemma 17 (A tree lemma). Let T be a finite tree of total length L, and let xq, ..., 2
be pairwise distinct marked points of T', with M > 2. Then there exist distinct indices
i # j such that the unique subpath joining x; to x; has length at most 2L /M.

Proof. Subdivide edges at the marked points; this does not change the total length
and turns the marked points into marked vertices. Let 7" C T be the minimal subtree
spanning the marked vertices, and let L' = len(7"). Then L’ < L, and every leaf of 7"
is marked.

Doubling every edge of T" produces an Eulerian graph of total length 2. Choose
an Euler tour that starts at a marked vertex, and let

Yi,-- -y Ym
be the marked vertices listed in the order of their first appearance along the tour. Let

0=t <ty <--- <ty <2L
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be their first-appearance times, and set

tM+1 = 2[/
Then
M
> (trp1 —t,) =2L".
r=1
For each r =1,..., M — 1, the portion of the Euler tour between times ¢, and %, is

a walk in 7" joining ¥, to ¥,,1, SO
dr (Yr, Y1) < trp1 —
Likewise, the final portion of the tour from time ¢,; to time 2L’ joins yy; back to ¥, so
drr(yar, ) < 2L —tar =ty — tar

Hence
M—1

> dr(Yr, Yrs1) + do(yar, y1) < 2L < 2L
r=1

Therefore at least one of these M distances is at most 2L /M, which proves the lemma. O

Proof of Theorem 1. If n = 1, then the unique root may be joined to itself by the
constant curve, so the conclusion is immediate. If f has a multiple zero, the conclusion
is also immediate. Thus we may assume that f is squarefree and n > 2.

By the component lemma, there exists a connected component U C Ay containing

exactly m > 2 zeros of f. Let u = —log|f| on U, let a and ¢ be as in Section 3, and
choose the root disks Dy, ..., D, as in Section 5, so small that
m . q
17 d D;) < —
(7) 3. dim(D,) <

Choose (A, §) as in Lemma 14 so small that
lgx6 — fHCl(K) < €o,
where g9 > 0 is small enough for Lemmas 15 and 16 to apply, and set
g = gxg-

By Lemma 14(1), each disk D; contains exactly one simple zero b; of g, and g has no
Zeros on

K\ |J Dy
j=1
Because the disks D; lie in {u > 5a/2}, they are disjoint from the fixed band
B={z€eU:a/2<u<ba/2},

so g has no zeros on B as well. Let V, be the corresponding component from Lemma 15.
Then Vj is a connected component of the full superlevel set

{—loglg| > o},

it satisfies V, C int(K) C U, it contains exactly the m perturbed roots by, ..., by, lying
in the disks D;, and by Lemma 16 we have

dg > Q/Q-
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Applying Corollary 5 with

h =g, v =u, = —log|gl, c=aq, W =1V,
gives
1 00
Hence
1/OOP(t)dt— 1/OOP(t)dt 1/2aP(t)dt< <m-—1
21 Joa ! C2mda Y or Jo Y =My ST
Since all zeros of g in V, are the simple roots by, ..., b, Proposition 12 applies
to uy, = —log|g| on V, with base level ¢ = a. By Lemma 15 we have V, C K, so

every critical point relevant to Proposition 12 lies in K. Therefore Lemma 14(2) gives
the absence of critical values in [a, 2a], while Lemma 14(3)—(4) give the Morse and
distinct-critical-value hypotheses above 2. Choose

ei=1
8
Then Proposition 12 yields a finite tree G C V,;, C U containing the m perturbed roots
and satisfying
L oo q q  4q 3¢
len(G) < %/204 Pg(t>dt+§ <m—§+§=m—§.

By Lemma 17, since the m perturbed roots are pairwise distinct and m > 2, there
exist distinct indices r # s such that the points b, € D, and by € D, are joined in G by
a subpath of length at most

2 2 3q 3q
(18) Elen(G) < <m—8> —Q—R.

Connect b, to the original zero a, € D, and b, to the original zero a, € D, by straight
line segments. Because each D; is an ordinary Euclidean disk contained in U, these
straight segments lie in

D.UD, CcUC Af.

The total additional length is at most

diam(D,) + diam(D,) < Y diam(D;) < &
=1

by (17). Let I" be the union of the subpath of G joining b, to bs and the two straight
segments [a,, b.] and [bs, as]. Then T" is a connected finite graph contained in
UCAy.
Hence I' contains a simple arc v joining a, to as, and
len(y) < len(I).

Therefore 3
q q q
1 <|2—-— — =2—-— < 2.
en(7) ( 4m> + 4m 2m
Thus v C Ay is a curve joining two zeros of f and having length < 2. This proves the
theorem. ]
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