A Short Path Joining Two Zeros Inside a Polynomial Lemniscate

Abstract
Let

n

f2) =11GE-2)
j=1
be a monic polynomial whose zeros are listed with multiplicity and satisfy |z;| < 1 for all j.
Assuming the known Erdés—Herzog—Piranian component lemma that some connected component
of
Ap={zeC:|f(2)] <1}

contains at least two zeros of f, we prove that there exist two roots of f which can be joined by
a rectifiable curve of Euclidean length < 2 contained in Af. The proof combines a sharp integral
estimate on each component of a polynomial lemniscate, an explicit two-parameter perturbation
that makes the critical-level structure above the first critical value Morse and excellent on a
fixed collar, and a spanning-tree construction in the resulting Reeb decomposition.

1 Introduction

Let

n

f(z):H(Z_ZJ')a ’zj’<1 (1<j<n),
j=1

where the zeros are listed with multiplicity. We consider the filled unit lemniscate
Ap={2€C:|f(2)| <1}
The question addressed here is the following.

Must there always exist a rectifiable curve of Euclidean length less than 2, contained in Ay, whose
endpoints are two roots of f7

Our main result answers this in the affirmative.

Theorem 1. Let

n
F@=T]GE-2). lxHl<1 (1<j<n),
j=1
where the zeros are listed with multiplicity. Then there exist indices i,j € {1,...,n} and a rectifiable

curve v C Ay joining z; to z; such that
len(y) < 2.

In particular, if f is squarefree, the endpoints are distinct zeros of f.

Remark 2. If f has a multiple zero, the conclusion is immediate: two coincident roots may be joined
by the constant curve. Thus the only interesting case is the squarefree one. In the proof below we
therefore reduce immediately to squarefree polynomials.



The only external input we use is the following component lemma.
Component lemma. Some connected component of Ay contains at least two zeros of f.

This is now known by recent work of Ghosh and Ramachandran, answering a problem posed in
1958 by Erdds, Herzog, and Piranian; see [1, 2, 3].
The proof of Theorem 1 has three parts.

1. For any component U C Ay containing m zeros of f, we prove the sharp integral estimate

!/
F(2)l dA(z) < 2mm
v f(2)l
2. Above the first critical level of u := —log | f|, we construct in a generic perturbation a finite

tree spanning the relevant roots, with total length strictly less than m.

3. A small explicit perturbation of the form f +— f+ Az+  makes the critical-point configuration

generic on a fixed collar, while preserving the relevant component and a fixed positive slack
below the threshold 2.

2 An analytic estimate on a component

Let U be a connected component of Ay, and suppose that U contains exactly m > 1 zeros of f,
counted with multiplicity. Set
u:=—log|f| onU.

Then uw > 0 on U, u=0 on dU, and u(z) — 400 at the zeros of f in U. For ¢t > 0 define
K :={ze€U:u(z) >t} A(t) := Area(Ky).

For regular ¢ write

P(t) :=H'({z €U : u(z) = t}).
We also set

_ [ ) _
1w)= | dA(z)_/U\Vu|dA.

Proposition 3. With the notation above,
I(U) < 2mm.

Proof. By the coarea formula,

Also, for regular t,

A= [ |§u| 2)

Au = 27 Z My Og
a€Z(f)NU

Since

in the sense of distributions, Green’s formula on K; gives, for every regular t,

/_t |Vu|ds = 2mm. (3)
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Hence Cauchy—Schwarz yields

P(t)? < (/ut IVl ds) (/ﬂ é;) — 2m (—A'(1)). (4)

We next estimate A(t). Consider the condenser (U, K;). The extremal function is

ve(z) = min(u(tz), 1> ,

so, with the normalization

1
cap(U, K;) = Emf/m\%m,

one has )
UK, =— 24A.
cap(U, K¢) 4rt? /0<u<t Vel

Using coarea and (3),

t t
/ |Vul|? dA = / (/ |Vul ds) ds = / 2mmds = 2mmt.
O<u<t 0 u=s 0

cap(U, K;) = % (5)

We now invoke two classical inequalities from planar potential theory.

Therefore

(i) Carleman’s condenser inequality:

(ii) Pélya’s area-capacity inequality:
Area(K) < 7 cap(K)?
for compact planar sets K.

These are summarized, with the normalization used here, in [1]. Applying Carleman’s inequality
to (U, K¢) and using (5), we obtain
Area(U)

A =

2t
log —,
m

that is,
A(t) < Area(U)e 2™, (6)

Since U C f~1(D) and f is monic, the logarithmic capacity of U is at most 1; therefore Pélya’s
inequality gives
Area(U) < . (7)

Combining (6) and (7),
At) < e~ 2t/m, (8)

P(t) < \/2mm (—A'(¢)).

3

Now from (4),



Using the elementary inequality 2,/Zy < z/\ + Ay with z = 27rm, y = —A’(t), and X\ = me'/™, we
get
P(t) < met/m 4 %et/m(—A’(t)).

Integrating and using (1),

) < 7r/ et/m dt+%/ /M~ A (1)) dt.
0 0

The first integral equals mm. For the second, integration by parts gives

/OO /M~ AN () dt = A(0) + — /Oo et/ A(t) dt.
0 mJo

Using (7) and (8),

A(0) < m, 1/ e At dt < 1/ eV dt = .
m Jo mJo

Therefore

/ e A (1)) dt < 2,
0

and hence m
I(U) <mm+ 5(277) = 271m.

O]

Corollary 4. Let ¢ > 0, and let W be a connected component of {z € U : u(z) > c¢}. If W contains
exactly M zeros of f, counted with multiplicity, then

/ |\Vu|dA <27 M.
w
Equivalently,
1 o'e]
7/ Py (1) dt < M,
21 Je
where Py (t) = HY({z € W : u(z) = t}) for regular t > c.

Proof. Set h := e“f and v := —log |h| = v — ¢. Then W is a connected component of {v > 0} =
{|h| < 1}, and W contains exactly M zeros of h.

The proof of Proposition 3 applies verbatim to h on W. The only place where monicity was
used was in the bound Area(W) < , obtained via Pélya’s inequality. Here the leading coefficient
of h is €€, so the filled lemniscate {|h| < 1} has logarithmic capacity e~¢/" < 1; by monotonicity,
cap(W) < 1, and again Pélya gives Area(WW) < m. Therefore the same argument yields

/ |Vu|dA < 27 M.
w

Since Vv = Vu, this is exactly the desired estimate. O



3 The first critical value and the low superlevel sets

Throughout the rest of the paper, f is assumed squarefree on the component under consideration.
Let U C Ay be a connected component containing exactly m > 2 zeros of f, and write again

u=—log|f| on U.

Lemma 5. The function u has at least one critical point in U. Consequently the set of positive
critical values of u is nonempty, and it has a smallest element. Denote that smallest positive critical
value by As.

Proof. Choose pairwise disjoint closed disks Fn1,..., E,, € U centered at the zeros of f. Since the
superlevel sets of u shrink to the zeros of f as the level tends to +oo, there exists T° > 0 such that
m
Kpr:={u>T}C U int(E;).
j=1
In particular v < T on |J; OFE;, and Kt has at least m connected components, one contained in
each L.
Assume for contradiction that u has no critical point in {0 < uw < T'}. Then

u:{0<u<T}—(0,T]

is a proper submersion. Hence this region is a product collar over any regular level {u = t};
equivalently, for every 0 < ¢t < T, the set U \ K is diffeomorphic to {u =t} x (0,¢). It follows that
U and K; have the same number of connected components for every 0 < t < T. Since U = K| is
connected, K7 must be connected, contradicting the previous paragraph. Therefore u has a critical
point in {0 < u < T}, and the set of positive critical values is nonempty.

Since u has only finitely many critical points in U (they are zeros of f' and f is squarefree on
U), the set of positive critical values is finite. Hence it has a smallest element, denoted \,. ]

Set
a =\ /4.

Then u has no critical values in [0, 4«).

Lemma 6. For every t € [0, \.), the superlevel set Ky := {u >t} is connected. In particular,
K = {u> «a/2}, L:={u>3a/2}

are compact and connected.

Proof. Fix 0 <t < .. By definition of A, the function u has no critical points in {0 < u < t}. As
in the proof of Lemma 5, the map u : {0 < u < t} — (0,¢] is a proper submersion, so U and K;
have the same number of connected components. Since U is connected, K; is connected for every
0 <t < A« The case t = 0 is immediate. Compactness of K and L follows because they are closed

subsets of the bounded domain U. O
Define
1 2a
g = 7/ P(t) dt.
2T Ja
Since P(t) > 0 for a < t < 2, we have ¢ > 0. By Corollary 4,
1 o0
— P(t)dt <m —q. 9)
21 Joa



4 A generic spanning tree above the first critical level

We now show that, under a genericity assumption on the critical points above level 2a, one can
realize the tail budget as the length of a connected spanning tree up to an arbitrarily small error.

Proposition 7. Assume that:
(a) all critical points of u with value > 2a are nondegenerate;
(b) all critical values of u larger than 2a are pairwise distinct.

Then for every € > 0 there exists a finite embedded tree G. C U containing all m zeros of f in U
and satisfying

1 oo
len(G;) < — P(t)dt +e. (10)
21 Joa
Consequently,
len(G:) <m—gq+e. (11)

Proof. Let the distinct critical values of u above 2a be
20 < g < pg < -0 < g
Choose pairwise disjoint closed intervals
I = [ptr — O, ptr + 0y

so small that each I, contains no critical values of u other than p,. Next choose a regular value
T > pus so large that the components Z1,...,Z,, of {u > T} have pairwise disjoint closures and
are all contained in arbitrarily small neighborhoods of the zeros of f. This is possible because f is
squarefree on U, so near each zero a; one has

u(z) = ~log|z — a;] + O(1),

and therefore the components of {u > T'} shrink to the zeros as T' — oo.
Set

S
R:= {2a<u<T}\u1<U Ir> .
r=1

Each connected component S of R is a regular strip: there exist regular values ag < bg with

20 <ag <bg <T
such that u(S) = (ag, bs), the function u has no critical points in .S, and for each t € (ag,bg) the set

Iyi={u=tyns
is carried diffeomorphically to every other I'y by the flow of

. Vu
T Vul?

The lower endpoint ag is either 2« or one of the regular values u, + 6., and the upper endpoint bg
is either T or one of the regular values p, — 9.



Let ks be the number of zeros of f contained in the connected component of {u > t} that lies
above S; this is independent of the regular value t € (ag,bg). For t € (ag, bg) the flux identity gives

/ |Vu|ds = 2mksg.
Iy

Thus
|Vu| ds

21kg

is a probability measure on I';. We claim that the family (4) is preserved by the flow of X. Indeed,
let ag < s <t <bg,let Py : 'y = I'y be the flow map, and let £ C I'y be measurable. The union
of the flow lines issued from E between times s and ¢ is a curvilinear tube T'(E;s,t) C S whose
boundary consists of E, its image ®,(£), and two flow lines. Since u is harmonic on S, Green’s

formula gives
0= / oyu ds.
OT (E;s,t)

On the side boundaries, Vu is tangent to the flow lines of X, so d,u = 0. On the cross-sections F
and ®,((E), the outward normal is £Vu/|Vul, hence

/ |Vu|ds = / |Vu|ds.
E O, (E)
Therefore (P ;)ppts = pi-

Fix once and for all a regular value s € (ag,bg). For x € T'y, let 7, be the trajectory segment
in S obtained by following the flow of X from level ag to level bg. Since u increases at unit speed
along X, its length is

dﬂt =

bs dt
tenre) = | o

Averaging with respect to us and using the measure invariance just proved, we obtain

/FS len(v,) dps(z) = /al;s (/r !Vud(lgs(j()x))]> dt
bs .
- /. </rb @LEii‘) o b
_ 27r1k5 / : ( /F t ds) dt = 27r1ks / : Ps(t) dt,

where Ps(t) := H!(I'y). Consequently there exists a trajectory vs C S such that

1 bs
1 < — Ps(t) dt. 12
en(vs) < Sk Jos s (t) (12)
Summing over all strips and using kg > 1,
1 1 fo°
len <7/ Ptydt< — [ P()dt. 13
Stenns) < g [, POdS o [ TR (13)

We now reconnect these strip segments near the critical points and inside the truncated top
components Z;. For each critical point p, of v with value p,, choose a closed neighborhood N,
so small that the sets NV, are pairwise disjoint, each incident strip meets ON, in exactly one short



cross-section, and inside [V, all the corresponding boundary points together with p, can be connected
by an embedded tree T;. C N, of length < n,, where

S
>om <
" .
r=1 2
This is possible by the Morse normal form

u=u(p,) + 2% — y*

near each nondegenerate critical point; see, for example, [4].

For each zero a; of f in U, there is exactly one strip whose upper boundary lies on 0Z;; let b;
be the endpoint of the chosen trajectory on that boundary. Because v has no critical points on
Zj\{a;} and Z; shrinks to a; as T' — oo, the point b; can be joined to a; by a curve o; C Z; of
arbitrarily small length. Enlarging 7" if necessary, we may assume

N ™

Z len(o;) <
j=1

Let
e (U)o (G7) (0)

By construction, the incidence graph of H is the finite tree obtained from the Reeb tree of the
superlevel decomposition above level 2« by truncating its m top leaves at level T" and then reattaching
the corresponding zeros inside the sets Z;. In particular H is connected and contains all m zeros of

fin U. Its total length is at most
1 o0

— P(t)dt .
27 Jon (t)dt + ¢

Finally, pruning cycles does not increase total length, so we may assume the resulting connected
graph is a tree. This proves (10), and (11) follows from (9). O
5 An explicit perturbation lemma

We now replace the abstract transversality step by a concrete two-parameter perturbation.
Fix a squarefree monic polynomial f, a component U C Ay containing exactly m > 2 zeros of f,
and the number « introduced above. Define the compact collars

K :={z€eU:u(z) > a/2}, L:={z€U:u(z)>3a/2}.

Then K and L are compact and connected by Lemma 6.
Choose pairwise disjoint closed disks

Di,...,Dy, Cint(L)

centered at the zeros of f in U, so small that each D; contains exactly one zero and

Lo = L\ LWJ int(Dj)



is connected. This is possible because L is a connected planar domain and finitely many sufficiently
small pairwise disjoint closed disks compactly contained in L do not disconnect it.
For A\, B8 € C define

ap(2) = f(z) + Az + B, uy g = —log|gxp

Lemma 8 (Explicit excellent perturbation). For every ng > 0 there exist A, 8 € C with |A|+|5| < no
such that g := gy g satisfies:

(1) each disk Dj contains exactly one zero of g, and g has no other zeros in K ;
(2) no critical point of ug lying in K has critical value in o, 2a;
(3) every critical point of ug in K with critical value > 2a is nondegenerate;

(4) the critical values of ug arising from critical points in K and larger than 2o are pairwise
distinct.

Proof. We proceed in five steps.
Step 1: preserve the relevant zeros. Choose 19 > 0 so small that on every dD; and on
K\ U; Dj one has

Az + B < [f(2)]

whenever |A| + [3| < no. By Rouché’s theorem, for every such pair (A, 3) the polynomial gy g has
exactly one zero in each D; and no zeros in K \ U; Dj.
Step 2: make all critical points simple. Since

gs\,ﬁ(’z) = f,(Z) =+ )‘7

the critical points of u, away from the zeros of g are precisely the zeros of f + A. A zero of f'+ X
is multiple if and only if it is also a zero of f”. Therefore the bad set

= {=f1(Q): ['(Q) =0}

is finite, and for every A ¢ X all zeros of f/ 4+ A are simple. This implies that every critical point of
ug is nondegenerate.
Step 3: make the complex critical values distinct. Set

Hy(z) := f(2) + \z.

Its critical points are the zeros of H)(z) = f’(2) + A. The critical values of H) are exactly the roots
of the resultant polynomial

Ry(w) := Res,(f'(2) + A\, f(2) + Az —w).
Two critical values coincide if and only if the discriminant
A(X) := Discy, Ry(w)

vanishes. Thus the bad set
Yo:={A:A(\) =0}
is algebraic. It is not all of C: for large |\|, the critical points of H) satisfy f'(z) + A = 0, so if
Pt = —\/n, then
a(A) = pwr +0(1),  wil=1,



and hence
Hy(cr(N) = (1 = n)p"wy, + O(|p|" ).
These values are pairwise distinct for large |\|, so A # 0. Since A is a polynomial, ¥ is finite.

Choose a small A ¢ ¥ UX,. Then H) has simple critical points and pairwise distinct complex
critical values.

Step 4: keep all critical values in K above 2a. Because u = — log| f| has no critical values in
[0, 4«), every critical point ¢ of f in K satisfies
[fe) < et

Since f’ has no zeros on 0K, for all sufficiently small A the zeros of f’ + X in K remain close to the
zeros of f/in K, and therefore every critical point ¢ of Hy in K satisfies

|Hx(c)| < e 3,

Now choose § so small that
|5| < 672(1 _ 6730(‘

Then for every critical point ¢ of Hy in K,
19(6)] = [HA(c) + B] < 2.

Equivalently, every critical value of u, arising from a critical point in K is > 2a; in particular no
critical point of u, in K has critical value in [a, 2a].

Step 5: make the moduli distinct. Let aq,...,ay be the pairwise distinct complex critical
values of H) arising from critical points in K. After adding S, they become a1 + 3,...,any + 5.
Their moduli fail to be distinct only if, for some i # 7,

lai + B = laj + B].

For fixed ¢ # j, this equation describes an affine real line in the S-plane. Thus the bad values of 3
lie in a finite union of lines. This union has empty interior, so we may choose g arbitrarily small,
outside it, while preserving the smallness required in Steps 1 and 4. Then the critical values of u,
arising from critical points in K and larger than 2a are pairwise distinct.

This proves the lemma. O

6 Stability of the collar integral and of the relevant component

We retain the notation of the previous section.

Lemma 9 (Component stability). Suppose g — f uniformly on K and that, for all sufficiently
close g,

(a) each Dj contains exactly one zero of g;
(b) g has no zeros on K\ U; D;.
Then, for all sufficiently small perturbations, there exists a unique connected component V, of
{z€e K:—loglg(2)] > a}

such that
Ly CVy Cint(K) C U,

and Vg contains exactly the m zeros of g lying in the disks D;.

10



Proof. On Ly one has u > 3a;/2, while on 0K one has u = «/2. Uniform convergence implies
—loglg| > on Ly, —loglg| <@ on 0K
for all sufficiently small perturbations. Thus the connected set Lg lies in a unique component
Vy C int(K)

of {—loglg| > a}NK.
Fix j. Since 0D; C Ly C V,, we have |g| < e™® on dD;. By the maximum modulus principle,

lg| < e™® throughout D;.

Hence D; C Vj, so the zero of g inside D; belongs to V;. There are no other zeros of g in K, hence
V, contains exactly these m zeros.

Finally, if W were another component of {—log|g| > a} N K, then W € K \ U; Dy, so g would
have no zeros on W and — log |g| would be harmonic there. Since —log |g| = « on OW, the maximum
principle would force —log |g| = o on W, a contradiction. Therefore Vj is the unique component of
{=loglg| > a} N K. O

Lemma 10 (Continuity of the collar integral). Assume g — f in C' on the compact band
B:={z€U:a/2<u(z) <ba/2},

and assume that g has no zeros on B. Let V, be the component from Lemma 9, and define

1 2
= — P,(t)dt
qg o o 9( ) ’

where Py(t) denotes the total length of {z € V; : —log|g(2)| =t}. Then
dg — q-
In particular, for all sufficiently small perturbations,
4 > /2. (14)

Proof. Since u has no critical points on B, there exists ¢ > 0 with |[Vu| > c on B. By C! convergence,
for g sufficiently close to f one has |V(—log|g|)| > ¢/2 on B, so there are no critical points in the
collar.

By Lemma 9, V, is the unique component of {—log|g| > o} N K. If z € K satisfies o <
—log|g(2)| < 2, then z belongs to {—log |g| > a} N K, hence necessarily to V. Thus

{zeVy:a<—loglg(z)| <2a} ={z€ K:a< —log|g(z)] < 2a}.

Therefore, by coarea,

2mq = [ Vuldd,  2mq,= [ V(~ log g])] dA.
{a<u<2a} {zeK:a<—log |g(2)|<2a}

The characteristic functions of the corresponding collar regions converge almost everywhere in B,
and the gradients converge uniformly on B. Dominated convergence therefore gives ¢, — g. O

11



7 Proof of the main theorem

We now complete the argument.

Lemma 11 (A tree lemma). Let T' be a finite tree of total length L, and let x1,...,xp be marked
points of T. Then some pair x;, x; is joined by a subpath of length at most 2L /M.

Proof. Subdivide edges at the marked points; this does not change the total length and turns the
marked points into marked vertices. Take the minimal subtree spanning the marked vertices. Every
leaf of this subtree is marked. Doubling every edge produces an Eulerian graph of total length 2L.
Traversing an Euler tour and recording the first appearances of the marked vertices gives a cyclic
ordering of the M marked vertices. The M gaps between consecutive marked vertices along the
tour have total length 2L, so one of them has length at most 2L /M. The corresponding unique
path in the original tree has at most that length. O

Proof of Theorem 1. If f has a multiple zero, the conclusion is immediate, so we may assume that
f is squarefree.
By the component lemma, there exists a connected component U C Ay containing exactly

m > 2 zeros of f. Let u = —log|f| on U, let a and ¢ be as in Section 3, and choose the root disks
Dy, ..., D, as in Section 5, so small that
- q
di D)< —. 15
3 din(D;) < g0 (15)

Let g = gx g be an explicit perturbation provided by Lemma 8, chosen so small that, in addition,
g—=f inCY(B),

where B is the collar from Lemma 10. Since f has a positive lower bound on B, this also guarantees
that g has no zeros on B. Let V, be the corresponding component from Lemma 9. Then V;, C U, it
contains exactly the m perturbed roots b1,..., by, lying in the disks D;, and by Lemma 10 we have
g > q/2-

Applying Corollary 4 to the monic polynomial g on the component V, with the shift parameter
¢ = «, and then subtracting the collar integral, gives

! / TP dt < <m-1

— m — m— =.

o Joo V=TT s 2
Now Proposition 7 applies to ug = —log |g| on Vj: indeed, Lemma 8(3)—(4) give the required Morse
and distinct-critical-value hypotheses for all critical points of u, in V; with value > 2a, because
V4 C K. Moreover, V; is connected, and Lemma 8(2) shows that u, has no critical values in [o, 2a]
on K. Hence, exactly as in Lemma 6, the superlevel sets {z € Vj : ug(2) > t} are connected for
t € [a, 2a; in particular, the level 2« is a connected base level for the construction in Proposition 7.
Choosing € = ¢/8, we obtain a finite tree G C V; C U containing the m perturbed roots, with

3q

q
len(G) <m —qg+ £ <m— =2,
en() m qg 8<m 3

By Lemma 11, some pair of perturbed roots, say b, € D, and bs € Dy, is joined in G by a path of

length
2
— (m — 3q) =2~ 34 : (16)



Since each D; contains exactly one zero of g, the indices r and s correspond to distinct original zeros
of f. Joining b, to the original zero in D, and b, to the original zero in Dy by straight segments
inside those disks adds total length less than ¢/(4m) by (15). Combining with (16), we obtain a
curve in U C Ay joining two zeros of f and having total length

3
<2q)+q:2q<2.
4m

This proves the theorem. O
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