On the least n for which (Z) has no prime divisor < k

Abstract
For each integer k > 2, let g(k) > k + 1 be the least integer n such that no prime p < k

divides (Z) Equivalently, every prime divisor of (2) is > k. This note records the parts of
the problem that can be proved rigorously from Lucas’ theorem, Kummer’s theorem, the prime
number theorem, and a Fourier estimate on the associated Chinese-remainder product set. In

particular, we prove an exact Euler product for the density of admissible integers and show that

k

log A(k)™' < Tog k-’

where A(k) is the density of admissible n. We also prove structural divisibility properties of

g(k) and the unconditional upper bound

k
< — .
log g(k) < k—i—O(lng)

We conclude by isolating the precise remaining obstacle to the conjectural estimate log g(k) =

k/logk and to any rigorous analysis of g(k + 1)/g(k).

1 Definitions and reformulations

For k > 2, define g(k) > k + 1 to be the least integer n such that

p1 (Z) for every prime p < k.

Equivalently, every prime divisor of (Z) is > k.
It is convenient to write

g(k) = k +m.(k),

where m, (k) is the least integer m > 2 such that

1 <k2m> (Vp <k, peP)

Proposition 1 (Lucas reformulation). Fiz a prime p < k. Write the base-p expansions

k:Zk§p)pj, n:an.p)pj, ng](p),ng-p)gp—l.
j=>0 Jj>0
Then
n (p) (p) -
pt <l<:> < ki’ <n;" for every j > 0.

Proof. This is exactly Lucas’ theorem.



Proposition 2 (Kummer reformulation). Fiz a prime p < k. Then

k
p1 < Zm> <= the addition of k and m in base p produces no carry.

Proof. By Kummer’s theorem, vp((k*,;m)> is the number of carries when adding k£ and m in base

p. O

Thus m.(k) is the least m > 2 such that the addition of £ and m is carry-free in every base
p<k.

2 Exact local and global densities

For fixed k, define the admissible set
A :={n>0: pt(}) for every prime p < k}.
We write A(k) for its natural density.

Local density at one prime

Fix a prime p < k and write

k=S kPp.

J=0
Let
Ly := |log, k] + 1.

Then kj(-p) =0for j > L,.
Proposition 3 (Local density formula). For a prime p < k, the set
App:={n>0: p¢ (Z)}

has natural density

7>0
Equivalently,
Ly,—1
1 P
dp(k) = ZE H (p— kj(p))-
=0

Proof. By Lucas’ theorem,
n .
pt <k> = P e WP KD 1, p—1} (0<j<I,).

Modulo p», the first L, base-p digits of n may be chosen independently. For the jth digit there
)

are exactly p — k](-p admissible choices. Hence the number of admissible residues modulo p™ is

Ly—1

I1w-x").

J=0

Dividing by the total number p™ of residues gives the density. Since k](-p ) = 0 for J > Ly, the finite
product is equal to the stated infinite product. O



Global density

Proposition 4 (Global density formula). The admissible set Ay has natural density
k(p)
Ak) =TT 6® =T1TI (1_J> :
p<k p<k 20 b

Proof. For each p < k, the condition p 1 (Z) depends only on n mod p’». Put

M(k) = [ "

p<k

The moduli p’» are pairwise coprime. By the Chinese remainder theorem, the admissible residues
modulo M (k) are exactly the Cartesian product of the local admissible residue sets modulo p’r.
Therefore the number of admissible residue classes mod M (k) is the product of the local numbers,
and dividing by M (k) yields the product formula for A(k). O

3 The size of the density

Let
S(k) :==1log A(k)™' =" —log &, (k).
p<k
We shall prove
k
S(k) = logk’

We use the prime number theorem in the form 6(x) := 3 . logp ~ z, and also the standard

interval estimate y

log x

m(x+y) — () < +1  (2<y<u), (1)

which is a standard consequence of the prime number theorem (or of Brun—Titchmarsh, for the
ranges needed here).

Theorem 5 (Density exponent). For k > 2,

k

log A(k)™* g

X

More precisely, there exist absolute constants c¢,C' > 0 such that

<logA(k)'<C i

cogk‘ ~ logk’

Proof. We first prove the lower bound. Let p € (k/2,2k/3] be prime. Then k = p+r with r = k—p,
so the base-p expansion of k£ has exactly two digits,

k=1-p+r.

wn=(-)(-)

Therefore



Since p < 2k/3, we have r = k — p > k/3, and therefore

(k/3) _ 1

Z (k3 " 2

r

p
Thus d,(k) < 1/2, and so

—log 0,,(k) > log2.

The prime number theorem gives #{p € P: k/2 < p < 2k/3} > k/logk, hence

k
> S - =
S(k) > (—log dp(k)) > ogk
k/2<p<2k/3

We now prove the upper bound. Split the sum over p < k into p < vk and p > Vk.
For p < vk we use the trivial estimate op(k) > p~Ir, so

—log6,(k) < Lylogp < 2logk.
The number of primes p < V& is O(Vk/log k), so their total contribution is
OVE).
Now let p > v/k. Then k has only two base-p digits:

k=ap+b, a=|k/p|, 0<b<p.

=92

So(k) =Y —logdy(k) =T + Ty,
p>Vk

Ty= Y —log(l—Z), Ty= Y —1og<1—2>.

p>Vk p>Vk

We first estimate T}. For vk < p < 2vk there are O(\/E /log k) such primes and each summand
is O(1), hence their contribution is O(vk/logk). For p > 2v/k we have a/p < k/p? < 1/2, so

k
—log(l—a) <22 <2,
p p=p

Hence

Accordingly, write

where

Therefore VR
k 1
N —+k Y, <V

lo
& p>2VE b

It remains to estimate T5. For each integer a € [1, [Vk]], let

Ia::< k ,k].
a+1 a




If pe I,NP, then |k/p| = a, so again k = ap + b and
b k
l-—=a+4+1——=1u, € (0,1].
» p (0,1]

Thus
Ty = Z Z — log uy,.

1<a<vk PE€LlNP

For m > 1 define
Eom ={pel,NP: e™ <uy < e*(mfl)}.
Since up > 0 and up, > 1/p > 1/k, only m < 1+ logk occur. Hence
Z —logu, < Z M #Eq m.
pel,NP 1<m<1+logk
We claim that E, ,, lies in an interval of length
.k
<< (& mﬁ

Indeed, the function

k
fa(T) ::a—l—l—;
is increasing on I, and if f,(x1) = w1, fo(z2) = ug, then

k k k(ug — uq) k(ug — up)

x2_x1:a+1—uQ_a+l—u1:(a+1—uQ)(a+1—u1)<< a?

Applying this with us — uy < ™™ proves the claim.
By the interval estimate (1),
e "k
Eom<lt —F——.
#Bam <1+ a?log(k/a + 2)

Therefore

k -m
Z —logup<< Z m+a210g(k/a+2)mzm€ .

pel,NP 1<m<1+logk >1
. _ ) . .
Since 2,y me™™ < oo and ., 4100, ™ < log” k, this yields

k

—1 log?k + ———.
Z 08 tip <108 Jranog(k:/a—l—Q)

pel,NP
Summing over 1 < a < Vk gives

Ty < Vklog? k + Z
1<a<vk

k
e Vkloglk .
Floglhjaty) < VRIE R+ g <o

Combining the estimates for T}, Tb, and the small primes p < vk, we obtain

S(k) <

logk’
This completes the proof.

Corollary 6. There exist absolute constants c¢,C' > 0 such that

k k
exp <_Clogk) < A(k) <exp <_clogk> .
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4 Structural facts about g(k)
A divisibility theorem
Theorem 7 (Forced divisibility). Let
Q(k) == [ pr*+V.

p<k

Then
Q(k) | (9(k) — k).

In particular, if k + 1 is composite, then Q(k) =k + 1 and therefore

g(k) > 2k + 1.

Proof. Write g(k) = k+m. (k). Fix a prime p < k, and set t,, := v,(k+1). Then the last ¢, base-p
digits of k are all equal to p — 1. By the Kummer reformulation, the addition of & and m.(k) in

base p is carry-free. Therefore the last ¢, base-p digits of m. (k) must all be 0, that is,
p [ ma(k).
Multiplying over all primes p < k gives
QUk) | ma (k) = g(k) — k.
If £ 4+ 1 is composite, then every prime factor of k + 1 is at most k, so

Q(k) = [[p»*) =k +1.

p<k

Hence g(k) — k is a positive multiple of k£ + 1, and since g(k) > k+ 1, necessarily g(k) > 2k + 1.

A Fourier upper bound for g(k)

We now prove the best unconditional upper bound obtained in the discussion above.
For each prime p < k, let

By(k) := {bmod p™ : the addition of k and b in base p is carry-free} .

Equivalently, if

Lp—1
- (p)
k= Z kj v,
7=0
then
Ly—1
By(k) = Z ujpj 0 <y gp_l_k](}?) CZ/pLPZ,

7=0

By the Chinese remainder theorem, the admissible shifts modulo

M(k) =[] o™

p<k

O



form a product set
B(k) c Z/M(k)Z,  |B(k)| = A(k)M(k),

and
ms(k) = min{m > 2: m mod M (k) € B(k)}.
For a finite cyclic group Z/MZ and a subset A C Z/MZ, let
La(r) == > la(@)e®™™™M  (rez/MZ)
x mod M

be the Fourier transform of its indicator function.

Lemma 8 (A counting lemma). Let A C Z/MZ, put K := |A|, and suppose that for some I" > 0
one has
> Jla(r)| < KTX (1< X < M/2).
1<r<Xx

Then for every integer H > 1,
KH
#{1<n<H: nmodMec A} = S + O(KT(1+log H)),

with an absolute implied constant.

Proof. Let

By Fourier inversion,

Ny(H) =22 4 = _
r#0
where
H
SH(’I") _ Z e?mrn/M
n=1

For 1 <r < M/2,
. M
‘SH(?")’ < mln(H, 7') .

Using the symmetry |14(M — r)| = |La(r)], we obtain

Na) - B e s ey MO

1<r<M/H M/H<r<M/2

The first term is O(KT') by hypothesis. For the second, put
F(X):= ) [Ta(r),

1<r<X
so that F(X) < KI'X. By partial summation,
14 F(M/2 M2 p(t M
3 Lalr)l  F1 /)+/ #dt«KF#—KFlog—.
r M Y t Y
Y<r<M/2

Taking Y = M/H gives the stated bound. O




We now specialize to A = B(k). Let
Pei={peP:2Vk <p<k}.
For p € Py, one has L, = 2. Write
k=ap+b, a=|k/p|, 0<b<p.
Then the local admissible set modulo p? is the rectangle
Byk)={u+vp: 0<u<p—-b—-1,0<v<p—a—1}
Hence

|By(k)| = (p — b)(p — a),

and for every r € Z,
p—b—1 p—a—1

@(T) = ( Z 627”'Tu/p2> ( Z 627rirv/p> )
u=0 =0

If p t r, then the second factor is the negative of the sum of the a omitted pth roots of unity, so its
absolute value is at most a. Therefore

o —

1B, (k) (7)] a
< =:p pIT).
B0 Sp-a P

If p | r, then trivially

1B,k (7)] <1

| Bp(k)|
Thus for every p € Py,
1B,k (7)] a

Lemma 9 (Global Fourier majorant). Define

1—pp

(pePr), Ti=]] B

PEP

Then for every X > 1,
1@ (1) < |B(k)| Tk X.
1<r<X

Proof. For p ¢ Py, we use the trivial bound

—

L5,k ()] < [Bp(K)|-

For p € Py, apply (2). Multiplying over primes gives

o ()] < [BE! TT (polpr + 1ppr)-
PEPy

Now
pplptr + Lpr = pp<1 + (o' = 1)1plr>'
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Hence

o < BEI(TT po) TT (1+ (" = D)

pEP pEP

Expanding the product and summing over 1 < r < X yields
>~ T (] < |B(K) (pr)ZA { J
1<r<X PEP

where the sum runs over squarefree integers d all of whose prime factors lie in Py, and

Ad) =], " = D).

pld
Therefore .
— Py — 1
S it <1oox (TLa) T (1425,
1<r<X pEP,  pEP) P
But .
Py — 1 1—
Pp (1 + P ) = Pp + r /Bp)
so the right-hand side is |B(k)|I'x X, as claimed. O

Lemma 10 (Size of I'y). One has
k
logT < —k+0O( — ).
log k

Proof. Fix p € Py and write k = ap + b as above. Since p > 2v/k, we have a < p/2, so p—a > p/2.
Also

Bp=ppt L2 < py 4= < Loarl 2t
p p p—a p Dp—a p

For each integer a with 1 < a < Vk/2, let

I, = (k, k]
a+1 a

Then the primes in I, are exactly those for which |k/p| = a. Therefore
log Ty, < Z Z (log(2(a + 1)) — logp).
a<\/E/2 pel,NP

Summing the negative terms over all primes p € P, gives

—Zlogp—— (k) +0(2VE) = =k + O(Vk).

pEPk

For the positive terms we use the interval estimate (1). Since |I,| < k/a® and I, C [k/(a+ 1), k/a]
with comparable endpoints,

k
a(a+ 1)log(k/a + 2) 1

#(I,NP) <

9



Hence

log(a + 1)
Z #(I, N P)log(2(a+1)) lgkz @t D) Z log(a + 1).
a<Vk/2 a<vk/2

The first sum converges, and the second is O(vklog k) = O(k/log k). Therefore

k
Z #(I,NP)log(2(a+1)) <« Togk
a<Vk/2

Combining the two parts yields

k
logTy, < —k+ O )
log k

as claimed. O

Theorem 11 (Best unconditional upper bound proved here). For k > 2,

k
< .
logg(k) <k+ O<1ng>

More precisely,

log(g(k) — k) < k + 0<1O’;k> .

Proof. Apply the counting lemma to A = B(k), M = M(k), K = |B(k)|, and I = I';,. We obtain

IBIRIHE

#{1<n<H: nmodM(k)e€ B(k)} = k)

+ O(|B(k)[Tk(1 +log H)).

Choose
H := CM (k)T log(2M (k)T,),

with C' a sufficiently large absolute constant. Then the main term is

|B(k)| H

M) = C|B(k)|T'; log(2M (k)T),

which dominates the error term for C' large enough. Hence there is at least one admissible residue
n [1, H], so
my (k) < M(k)Tylog(2M (k)Ty,).

It remains to estimate M (k). Since
L,=1+ Uogp k|,

we have
log M (k ZL logp = Zlogp+z log, k| logp = 0(k) + (k),
p<k p<k p<k
where
Y(k) =Y logp
pm<k

10



Combining this with the bound for log I'y gives

log(M (k)T) < k+ O(loik) :

Therefore

k
* < )
logm, (k) < k+0<logk‘>

and since g(k) = k + m.(k), the same bound holds for log g(k). O

5 What is not yet proved

The density theorem suggests the conjectural estimate

log g(k) = @7

but the arguments above do not reach that scale. The obstacle can be stated cleanly.
After dividing out the forced factor

Qk) = [ [0,

p<k

one may write
g(k) =k + Q(k)h. (k).
The integer h.(k) is the least positive element of a reduced product set

C(k) C Z/N(k)Z

of density

whose local factors are still anchored digit boxes coming from base-p expansions. If one could prove
ha(k) < A(k) ™" (log N(k))*

for some absolute A, then the conjectural upper bound for g(k) would follow from the density
theorem. N
A Fourier formulation of the same issue is as follows. For H < N(k)/|C (k)| = A(k)~! one has

_lowk)|H
N (k)

401 <n<H: nmod N(k) € C(k)} + Nik) S To (1) S (—r).

r#0

The main term is of order 1. Thus one would need a genuine cancellation estimate of the form

S Tow () Su(=r) = o(N(k))  for H = A(k)~".
r#0
The local Fourier factors are explicit, but the arguments in this note only control absolute values

and therefore lose too much phase information. This is the precise remaining obstacle.
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6 A remark on the ratio g(k +1)/g(k)
No rigorous nontrivial theorem about

lim inf M or lim sup M
koo g(k) koo 9(k)

is proved in this note.
What can be proved exactly is that the local densities can jump very sharply. If k = p* — 1,
then the base-p digits of k are all p — 1 up to place a — 1, so

5p(k3) =p “
But for k£ + 1 = p®, the base-p digits are 1,0,...,0, so

1
Splk+1)=1—~.
p(k+1) )

Thus the single-prime local density changes by a factor

This strongly suggests that g(k+ 1)/g(k) should fluctuate wildly, but a rigorous proof would again
require control of the first admissible residue, not only of the density.

Summary of proved results. The arguments above establish the following rigorously:

e the exact density formulas

]{(p)
dp(k) = H < - ;) ) A(k) = H dp(k);
720

p<k

e the density asymptotic
log A(k)™! <

logk;

e the divisibility property
Qk) = [T p**V | (g(k) — k),

p<k

and in particular g(k) > 2k + 1 whenever k + 1 is composite;
e the unconditional upper bound

k

1 < — .
ogg(k) < k+0<logk>
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